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Abstract 

It is known, since the 70's, that the large 't Hooft hmit of gauge theories is re- 
lated to string theories. In 1998, J. M. Maldacena identified precisely such a relation: 
the so-called AdS /CFT correspondence which speculates a duality between a large TV 
strongly-coupled supersymmetric and conformal Yang-Mills theory in four dimensions 
and a weakly-coupled string theory defined in a five-dimensional anti-de Sitter AdS^ 
space-time. This review aims at introducing concepts and methods used to derive, in the 
framework of the gauge/string correspondence, the interaction potentials of mesons and 
baryons at zero and finite temperature. The dual string configurations associated with the 
different kinds of hadrons are described and their behaviours at short and large distances 
are understood. Although the application of Maldacena's AdS /CFT conjecture to QCD 
is not straightforward, QCD being neither supersymmetric nor conformal, the AdS /QCD 
correspondence approach attempts to identify the dual theory of QCD. Especially, the 
study of heavy quark-antiquark bound-states leads to establish general dual criteria for 
the confinement. 



PACS numbers: 11.25.Tq, ll.25.-w, 12.38.Aw, 12.38.Lg, 12.40.Yx. 
Keywords: AdS /CFT correspondence, holographic models of QCD, Wilson loop, 
hadron potentials, confinement. 
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1 Introduction 

A crucial breakthrough in the attempt to deal with strongly-coupled Yang-Mills theories 
came with the AdS /CFT correspondence, proposed by J. M. Maldacena in 1998 [1], that 
conjectures a duality between the supergravity approximation of a superstring/M-theory 
living in a d-dimensional anti-de Sitter space (AdSd) times a compact manifold and the 
't Hooft limit of a maximally A/" = 4 superconformal SU{N) gauge theory defined on 
the [d — l)-dimensional boundary space [dAdSdj- Shortly afterwards, [2, 3] established 
the method for deriving conformal dimensions of operators and correlators in conformal 
field theory by means of dual superstring theory. In addition, J. M. Maldacena consid- 
ered the problem of calculating expectation value of Wilson loop [4]. This issue is of 
particular importance since the Wilson loop, through the area law, consists of one of the 
most efficient tools for probing the large distance properties of confining QCD-like gauge 
theories. The purpose of the present paper is thus to review, within the AdS /CFT and 
the AdS /QCD correspondences, the short and large distance behaviours of the Wilson 
loop in the conformal and non-conformal cases, and its use for deriving the interaction 
potentials of bound-states of quarks. 



First of all, let us motivate the gauge/string correspondence which arises from low 
energy arguments when one considers energies E much smaller than the energy scale 
associated with the typical string length is = a/o': 

^«4^ • (1-1) 



As a matter of fact, we will be mostly interested, in the sequel, in a stack of coincident 
D3-branes (A Dp-brane is an extended physical object with p spatial dimensions. The 
capital letter D in Dp-brane stands for Dirichlet as the coordinates of the open string 
endpoints normal to the brane must satisfy Dirichlet boundary conditions). Therefore, it 
is worthwhile to recall briefiy some results of the open string spectroscopy in the presence 
of Dp-branes. In a rf-dimensional fiat space-time, the (square) mass spectrum of an open 
string of which the endpoints lie on a Dp-brane reads 

= —(n^'^ + N^""^ - l] (1.2) 
a' \ / 

oo p oo d 

where A^^*^ = ^^^^na^^a^ and A^'^'*) = ma'^^a'^, expressed in terms of cre- 

n=l i=2 m=l a=p+l 

ation and annihilation operators, count the number of modes along the directions, re- 
spectively tangential {i = 2, . . . ,p) and normal {a = p + 1, . . . ,d) to the Dp-brane. The 
low energy limit (1.1) can then be understood as follows. Whereas the energies are kept 
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bounded (and the closed string coupling constant Qs is kept fixed) the typical length scale 
of the string is put to zero [1]: 

a' — 7- [E bounded and fixed) . (1-3) 

Hence, the massive modes of the open string decouple and only remain the massless states. 
For this reason, the low energy limit is also called the decoupling limit. The massless 
modes are of two types. The first kind of massless states consists of the oscillators a^^'s 
normal to the brane acting on the (tachyonic = — ^) ground-states a'^^Q). Since 
the index a lives in the space normal to the brane, it is not a Lorentz index for the brane 
and the {d — p) corresponding states are massless scalar states (these states represent 
slight parallel displacements of the brane. In fact, a space-filling brane does not have 
massless scalar excitation because it has precisely nowhere to turn). More interesting for 
us are the oscillators a^^'s tangent to the brane. Since the index i lives on the brane, 
they give rise to [p + 1) — 2 massless vector states. When p = 3, one recognizes the two 
polarization states of the photon field living in the four-dimensional world-volume of the 
D3-brane. What happens with a stack of coincident D3-branes is the following. We 
know that a gauge field lives on each of the branes. But now, the open strings are allowed 
to pass from a brane to another without requiring additional amount of energy (contrary 
to an open string stretched out between two parallel non-coincident Dp-branes where 
the mass-squared gains then an extra positive contribution stemming from the classical 
stretching energy (3.80)). Since the branes are distinguishable, the orientations [a/3] and 
[f3a] of an open string from the brane a to the brane /3 for instance are not equivalent 
(the indices a, P = 1, . . . , N are called Chan-Paton indices). Therefore, with the gauge 
fields associated with the D3-branes, we have altogether + A^(A^ — 1) = A^^ self- 
interacting gauge fields living in the (p+l=4)-dimensional world- volume of the stack. In 
other words, an U{N) Yang-Mills theory in the Minkowski space-time. As a matter of 
fact, the previous statement is not rigorously true: all the gauge fields do not interact 
with each other. Provided that we perform a change of basis in the space of states, a non- 
interacting f/(l) gauge field can be identified which carries indeed a zero charge as seen 
by the other eight self-interacting gauge fields which define, in turn, a SU {N) Yang-Mills 
theory. 

We are now ready to establish the AdS /CFT correspondence [1, 5]. First of all, let 
us consider the A^ coincident D3-branes described above plunged into a ten-dimensional 
fiat space-time (the bulk with d = 10). Although the branes carry charge and mass, their 
back-reaction on the bulk is neglected here and they are just considered as boundary 
conditions for the open strings. At low energies, the four-dimensional physics is described 
by a maximally A/" = 4 SU (N) supersymmetric Yang- Mills theory. Such a theory is also 
invariant under the conformal 5*0(2,4) group, i.e. does not contain any length scale. 
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The number of generators in this conformal field theory (or CFT) is dimyS0{2,n)j = 
dim(S0{n + 2)j = ("■+^)("+^) = 15, which is also the dimension of the isometry group 

V / (n=4) 

of the anti-de Sitter space-time AdS^: here is a first insight towards the establishment of 
the AdS /CFT correspondence conjecture. As for the closed strings, of which the massless 
spectrum contains the graviton states^, they are allowed to propagate throughout the bulk. 
The strength of the gravitational interactions is governed by Newton's constant which, at 
ten dimensions, is given by Gio = STr^gf^a'^ (we work in natural units where h = c = 1). 
In the decoupling limit where a' — ?■ with fixed, Newton's constant vanishes and 
the interactions in gravity become free in the infrared (IR): the closed strings do not 
interact with each other anymore but also with the SU{N) gauge fields living on the 
branes since gravity couples universally to all forms of matter. Hence, we are left with a 
SU{N) super- Yang-Mills theory defined in the four- dimensional Minkowski world-volume 
of the N coincident D3-branes and a decoupled set of non-interacting closed strings in 
ten-dimensional fiat space-time. 

In the second viewpoint, the D3-branes are solution of the gravitational field equa- 
tions of a ten-dimensional type IIB (oriented closed) superstring theory. Since the branes 
carry energy, they warp locally space-time geometry: a throat develops in the depths of 
which are the branes while the space-time infinitely far away the throat is asymptotically 
flat. This throat can be visualized as an infinitely deep cylinder, the radius R of which 
becoming constant (this so-called radius of the horizon should not be confused with the 
horizon of a Schwarzschild black hole since the geometry of the latter is quite differ- 
ent from the throat geometry). Moreover, since the D3-branes define a four- dimensional 
space-time on their world-volume, they appear as a point source of energy with respect to 
the remaining six space-like dimensions. Precisely, six coordinates are required in order to 
define a compact 5-sphere and, thus, the point-like throat is surrounded, in the space 
transverse to the branes, by concentric S^'s. As we move near the throat, the volume 
of the 5-spheres tends to a constant with also R as the radius. Let us write down the 
geometry of the A^ coincident (extremal) D3-branes [6]: 

ds^ = + ^-y^^^dx^dx" + (l + ^) ' (a'^rfw^ + a'Vdnij (1.5) 

where 77^1, = diag(— 1, +1, +1, +1) is the Minkowski metric tensor of the D3-brane world- 

^The square masses of the closed strings are: 

AP^^(n + N-2^ (1.4) 

00 d 00 d 

with N = n afj and N = n a^j the number operators of respectively the left- and 

n=i 1=2 n=i 1=2 

right-moving modes which satisfy the constraint N ^ N. 
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volume {HjU = 0, . . . ,3) and dflf is the line element of the unit sphere S^. The D3-branes 
are located infinitely deep in the throat a'u — )■ 0. In the AdS /CFT correspondence, the 
"holographic" radial coordinate a'u is dual to the energy scale under which is observed 
the SU{N) super- Yang-Mills theory (n has indeed the dimension of an energy). Being 
the D3-branes and the horizon deep down the throat, they can never be reached. 
Consequently, it appears two decoupled regions: the asymptotically flat space-time far 
away at infinity {a'u — )■ +oo) and the region near the horizon [a'u — )■ 0). Near the 
horizon, the metric (1.5) becomes: 



which is nothing else than the AdSr, x geometry. There is an overall a' factor, so the 
metric remains constant in a' units. The near-horizon approximation (1.6) could have 
also been obtained from the decoupling limit (1.3) as defined by [1]: whereas a' — )■ 0, 
we keep the energies bounded which is indeed consistent with the fact that the energy 
scale u remains constant when passing from (1.5) to (1.6). As seen by an observer living 
in the asymptotically flat Minkowski space-time, two distinctive low energy physics arise 
associated with the two decoupled space-time regions. On the one hand, there is obviously 
the low energy physics which rules near the observer. Without brane where attached open 
string endpoints, it consists, according to the decoupling limit, of massless modes of non- 
interacting closed strings. On the other hand, near the horizon, any finite energy mode 
which attempts to reach the observer need to overcome the gravitational well generated 
by the throat. These modes are then perceived as massless by the observer and deeper 
they are in the throat, higher can be their energies. As a result, the whole tower of 
massive modes has to be taken into account by the observer at asymptotic infinity. So, 
in the second viewpoint, we have a type IIB closed superstring theory living, near the 
horizon, in a ten-dimensional AdS^ x space-time and, once again, a decoupled set of 
non-interacting closed strings in ten-dimensional flat space-time. We see that the two 
descriptions share the same decoupled system, namely, the set of non-interacting closed 
strings. We are thus led to conjecture that, at low energies, a SU{N) super- Yang-Mills 
theory living in a four-dimensional Minkowski space-time and a type IIB closed superstring 
theory on AdS^ x describe the same physics. This is the AdS /CFT correspondence 



As a matter of fact, although these two very different theoretical frameworks are 
believed (and checked, see for instance [7]) to be dual to each other, their tractability 
domains turn out to be opposite. To see that, let us focus on the relations involving the 
two sets of parameters {R, g^) and (A^, Qyai) of the dual theories {qyai is the Yang-Mills 
coupling constant). The radius of the horizon R (the so-called AdS radius) is given in 




(1.6) 



[1]- 
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terms of the string length scale a' by 



(1.7) 



while 



2 

9s oc Qym ■ 



(1.8) 



According to (1.8), the ratio (1.7) implies the so-called 't Hooft coupling constant: 



which is the relevant coupling constant when considering gauge theory in the large 
limit. These two duality relations can be derived, for the former, from general consid- 
erations on Dj>-branes involving their number, their tension and Newton's constant, and 
for the latter, by considering the weak field expansion of the Dirac-Born-Infeld action 
(6.208) which governs the dynamics of Dp-branes carrying electromagnetic fields on their 
world-volumes. Especially, the second relation tells us that to a weak string coupling 
constant Qs <^ 1 corresponds a weak Yang- Mills coupling constant Qym ^ 1? which seems 
convenient since it is easier to deal with any theory in the perturbative regime. Thus, the 
AdS /CFT correspondence seems straightforward to check. Nevertheless, let us consider 
the case where is finite. The first relation implies then i?^ <^ a' i.e. the AdS^ scalar 
curvature (proportional to l/R"^) is much larger than 1/a'^. As a result, all the stringy 
effects have to be considered but we do not know yet how to solve tree-level superstring 
theory on AdS^ x S^. So, let us see what happens in the large N limit when the 't 
Hooft coupling A is also large. In this case ^ a' and the strings appear as point-like 
particles. The ten-dimensional free superstring theory can then be approximated by its 
low energy effective theory : a tractable ten-dimensional supergravity theory where the 
stringy effects are corrections of order 0{a'^). On the other side of the duality, we have a 
SU{N) super- Yang-Mills theory which is now strongly-coupled. Although QCD is neither 
supersymmetric nor conformal, one sees the great interest in establishing a gauge/string 
correspondence for such a confining gauge theory. We already know that we have to 
break properly the underlying supersymmetry nature of the AdS /CFT correspondence 
and to deform the ten-dimensional AdS^ x holographic space-time since QCD has a 
mass gap and is asymptotically conformal only at high energy (namely at a'u — )■ -|-oo in 
(1.5)). The strong coupling regime could then be investigated from a higher-dimensional 
dual supergravity theory (in the large A^ limit with A^ identified to the number of colours 
Nc). In practice, two complementary approaches exist which aim at identifying the dual 
theory of QCD. In the so-called top-down approach, the AdS geometry is deformed into a 
Schwarzschild black hole— AdS* geometry where the horizon plays the role of an IR brane, 
the location of which being given in terms of the Beckenstein-Hawking temperature {i.e. 



(1.9) 
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the thermal temperature of the gauge theory) [8]. On the other hand, according to 
the more phenomenological bottom-up approach (or, roughly speaking, in the AdS /QCD 
correspondence though such a duality has not been established yet), five- dimensional 
holographic models which attempt to reproduce the main properties of QCD have been 
proposed. In the IR Hard Wall Model [9, 10, 11], a confining gauge theory can be obtained 
considering a truncated AdS^ holographic space-time, the typical size of which represent- 
ing the IR cutoff associated to the QCD mass gap. The light hadron spectroscopy [12], 
the meson and nucleon form factors [13], the two-point correlation functions [14], the deep 
inelastic scattering structure functions [15], the chiral symmetry breaking mechanism and 
the axial U{1) anomaly [16] have been investigated. In particular, it has been showed that 
the spectrum satisfies a Kaluza-Klein behaviour ~ instead of the expected Regge 
behaviour ~ n (ra is the radial excitation number). To remedy this shortcoming, 
the IR Soft Wall Model has been proposed which consists in inserting a dilaton field in 
the AdS^ space-time [17]. The phenomenological outcomes of this model have also been 
largely studied [18, 19]. 

The review is organized as follows: the main steps leading to the confining linear static 
potential of a heavy quark-antiquark bound-state through the four-point Green function 
and the area law of the Wilson loop in QCD are described in the section 2. The section 3 
is devoted to Maldacena's calculation of the heavy quark potential within the AdS /CFT 
correspondence. Especially, the underlying conformal invariance and the intrinsically non- 
perturbative nature of the result is pointed out. In the section 4, we consider the finite 
temperature version of the gauge/string correspondence as described by E. Witten [8] and 
derive, in three and four dimensions, linear quark-antiquark potentials of which the string 
tensions depend on the temperature. The Liischer correction term at large distance is 
also discussed. The section 5 focuses on holographic models of QCD for which general 
dual criteria for the confinement can be established considering the bulk dynamics of dual 
string world-sheet. In the section 6, we review the string/brane configuration dual to the 
baryons and stress, in particular, the existence of AdS/CFT "reduced" baryons made of 
k < N quarks. At the end of the review, an appendix is devoted to the properties of the 
Wilson loop and to the loop space formalism of QCD. 
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2 The static potential in QCD 



The static potential between an infinitely massive quark and antiquark has been computed 
for a long time. The two- loop perturbative calculation gives [20]: 



V{r) 



a{r) 



(2.10) 



with 



a(r) 



a. 



+ 



ai + (3oL 



4:71 



a2 + /3o'(^' 



TT 

~3 



(3i + 2(3oai]L 



Att) 



(2.11) 



r is the distance between the quark and the antiquark and the (renormalization scale 
/i-dependent) strong coupling constant is in the modified minimal subtraction scheme 
WS: as = ai^^^V^)- We have defined L = 2-fE + ln{fi^r^) with -/e ~ 0.5772 the 
Euler-Mascheroni constant. The one-loop and two-loop constants ai and 02 write out 
respectively: 



ai 



02 



31^ 20 



(2.12) 



4343 



162 

55 

~3 



Att^ 

4 



fc(3))cl-(^ + fC(3))c.T.n. 
(y - 16C(3))c^T^ni. + (^TfUfY (2.13) 



1789 56 



where ({s) is the Riemann zeta function and Uf the number of massless quarks. In (2.11), 
the two first regularization scheme-independent coefficients of the /3-function are: 



/3o 
/3i 



y - ACfTfUf - y C^Tpn^ 



(2.14) 
(2.15) 



Ci? and Ca are the values of the Casimir operators in the fundamental and the adjoint 
representations respectively {T"'T"' = Cf^Nc with = ^ the Gell-Mann matrices and 



jatj jbij _ (j^^ab -^j^j^ j'a _ _ijaij structurc coustauts). The trace normalization is 
Tr{T°'T^) = Tp5"^ and, in the case of the colour gauge group SU{3)c of QCD, the colour 
factors become: 



Tf 

Cf 
Ca 



1 

2 

Tf 



Nr 



4 
3 



(2.16) 

(2.17) 
(2.18) 
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Especially, at the lowest perturbative order, one recovers the one-gluon exchange contri- 
bution which has a Coulomb-like form: 

4 (T 

V{r) = --^ . (2.19) 
6 r 

More phenomenologically, E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane and T.- 
M. Yan postulated, in the late 70s, that "many of the gross features of the charmonium 
cc potential can be simulated by the potential" (several phenomenological forms of the 
static potential have been proposed. See, for instance, the report [22]): 

V(r) = -- + ar + C . (2.20) 

r 

"This is chosen to give a simple interpolation between the known Coulomb-like force at 
short distance and a linear growth of the static potential" [21]. In the so-called Cornell 
potential (2.20), n represents the coulomb strength, a the string tension and the constant 
C fixes the origin of the potential. They are regarded as free parameters to be fitted 
on the spectrum. On the other hand, when one attempts to derive the potential on the 
lattice [23], a non-physical term in 1/r^ is also often added to (2.20) in order to enhance 
the fit to data by simulating, for instance, running coupling effects. 

The confining linear potential can also be extracted, in the static approximation, 
from the four-point, or two-particle (meson). Green function. The formalism involves the 
Wilson loop, a gauge invariant functional, which provides a physical observable able to 
measure the heavy quark interaction potential (see Eq.(2.47) below). The gauge invariant 
state of a quarkonium, bound-state of a quark and an antiquark, is defined by means of 
the so-called gauge line U{y,x,C): 

U{y,x;C) = Pe-^^^'^^(^)'^^'' (2.21) 

which carries out the parallel displacement of the gauge transformation from the point x 
to the point y along the curve C: 

\(j){y,x))=(j){y,x)\0) = q{y)U{y,x,C)q{x)\0) . (2.22) 

The corresponding state, hermitian conjugate of (2.22), is: 

(0(y,x)| = (O|0t(y,x) = {0\q{x)U{x,y,C')q{y) (2.23) 

where C and C describe the same space-time curve but oriented in opposite directions. Let 
us then consider the evolution amplitude of this quark-antiquark state during the lapse 
of time T. It consists of a four-point gauge invariant and colour- singlet Green function: 

G^^\xi,X2,x[,X2) = ■^{(t){Xi,X2)\4>{x[,x'2)) 



^( T [q{x2)U{x2, Xi)q{xi)q{x[)U{x[, a;2)?(4)])A,g,g , 



(2.24) 
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the averaging being defined in the path-integral formahsm. The dependence of the two 
gauge lines U{x2,Xi) and U{x[,x'2) on the curves C^X2Xi] and Cix[x'2] is implicit and the 
ordering prescription in (2.24) is the usual one defined by the chronological operator T: 

T[q{x)q{y)] = O^Xq - yo)q{x)q{y) - 9{yo - Xo)q{y)q{x) . (2.25) 

The four-point Green function is normalized, in the large Nc limit, by a factor l/Nc- Since 
the action of QCD is quadratic in the fermion fields, the path-integral over the quarks is 
gaussian and gives according to the Wick theorem: 

G^^\xi, X2, x[, x'2) = -^{det{i-f''Df,-mg)U{x2, xi)Si{xi,x[] Af,)U{x[,X2)S2{x2, X2] ^m))^ 

(2.26) 

were is the covariant derivative and the quark mass. It is usual to neglect, in the 
quenched approximation, the fermionic determinant giving rise, in perturbation theory, 
to quark-antiquark loops. In the large Nc limit, this approximation is exact and we have: 

d.ei{i-i^D^ - m^) = I . (2.27) 

Moreover, (2.26) does not account for the other contribution associated to the qq anni- 
hilation process, only possible if q{xi) and q{x2) (respectively q^x^) and q{x'^) have the 
same flavor. 

In order to derive the static potential. Brown and Weisberger [24] wrote (2.26) in terms 
of the static quark and antiquark propagators in the presence of the external gluon field 
^0 (formally, the static approximation consists in neglecting, in the equations of motion 
of the propagators, the spatial components of the covariant derivatives with respect to 
the temporal ones): 

Sistat.{xi,x'^-A^) = sf\xi-x[)U{xi,x[) , (2.28) 
S2stat.{x'^.X2,A^) = S^^\x'^-X2)U{x'^,X2) (2.29) 

were (xi —x'l) and S^\x'2 — X2) are the free static propagators (namely, in the absence 
of gluon) which verify the following equations of motion: 

(z7?9io - m,)Sf\x, - x[) = t5\x, - x\) , (2.30) 
Sf\x'2- X2){-i'-i2d 20 - ^2) = i5'^{x2- X2) . (2-31) 

The expressions (2.28) and (2.29) allow one to write the static evolution amplitude into 
the form: 

G'^stat{xi^X2,x\,x'^) = -{S[°\xi-x[)S^°\x'2-X2)^TrcU{x2,Xi)U{xi,x[)U{x[,X2)U{x2,X2 

(2.32) 
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Then, the path-ordered product of the four gauge hues generates the trace on the colour 
space of a closed gauge line which is nothing else than the Wilson loop: 

0(C) = Tr,U{xuXi,C) =Tr^Pe-'<^^cM^)d^^ . (2.33) 

Let us pointing out that the manifestly gauge invariant Wilson loop does not depend in 
(2.33) on the point Xi from which is parametrized the loop C because of the colour trace 
Ttc- We have thus: 

G2i,(xi,X2,x;,x'2) = ~sf\x, - x\)Sf\x'^ - X2)W[C] (2.34) 

where W^f-] is the gauge invariant one-loop functional: 

W[C] ^ ^{m)A = \j MA,(x)]i-0(C)e^^-«[^^l . (2.35) 

Without loss of generality, let us consider the specific case where ° = and 

= x'2^ = The loop is then reduced to a rectangular contour (symbolized by □) 
with temporal extent T and spatial extent r. In the limit where T = (X" — X'^) — j- 
00 (in the static approximation, the distance between the fixed quark and antiquark 
r = — 1^2] = — "2^2! remains constant over time), the loop becomes infinitely 
stretched out and one finds Wilson's confinement criterion or area law [25]: 

W[n] = e-^"'^P] (2.36) 

□ — s>oo 

where at is the string tension and A[n] is the area of the minimal surface with the rectangle 
as boundary. In the relativistic flux tube model [26] in which the confinement results from 
the formation of a chromo-electric field tube (the effective "QCD string") between the 
quark and the antiquark, the constant at = °f order of 0.18 GeV^, stands for the 
linear energy density of the tube and is related to the slope a' of the Regge trajectories: 
J{im?') = ao + a'Tn? (J and rn?' are the total spin and the square mass of the hadrons 
while is the intercept). As a final result, we obtain: 

G'2L(a:i,a;2,a;;,x'2) = -5'(^i - ^'i)5'(^2 - 2)e-''^'^ e-'"^'^ e-'"''^ . (2.37) 

On the other hand, it is possible to extract explicitly the energy dependence of the 
evolution amplitude of the quarkonium, as defined in (2.24). In the Heisenberg repre- 
sentation, the operators depend on the time and their dynamics are governed by the 
Hamiltonian of the system: 

0(^1, ^2, X'') = e'^^V(^i, ^2, 0)e-*^^° . (2.38) 

This relation can also be understood as a particular case of the space-time translation: 

0(x) = e*P-^0(O)e-*f-^ (2.39) 
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where p = [H, ) is the energy-momentum operator. Thus we have: 

= ^(O|0t(^,, ^„ O)e-^(^""^'°)0(^;, 0)|0) 

= ^(0(li^i,1^2,O)|e-^^|0(-^;,-i^'2,O)) . (2.40) 

(2.41) 

Let {l-Pn)} be a complete set of eigenvectors of H associated to the eigenvalues {En}: 

H\Pn) = En\Pn) , (2.42) 

J2\Pn){Pn\ = l . (2.43) 

n 

If one puts the closure relation (2.43) into (2.40), one obtains: 

G^ilt.{^uX2,x[,x',) = J]^(0(-^i,li^2,O)|Pn)(P.|0(-^;,-^'2,O))e-^^"^ . (2.44) 

n ^ 

In the limit T — )■ oo, the leading contribution corresponds to the quarkonium ground-state 
|Po) with the energy Eq in the complex exponential function: 

Gil(xi,X2,x;,x'2) = ^(0(l^i,1^2,O)|Po)(Po|0(^'i,^'2,O))e-^^°^ (2.45) 

where ^=(0( a^i, 1^2i 0)|Po) is the wave function of the bound-state. One can understand 
the ground state of the quarkonium as the one in which the number of quark-gluon and 
gluon-gluon interactions is the smallest. In the static limit where the kinetic energies of 
the quark and antiquark vanish, we find: 

Eo = mi + m2 + V{r) . (2.46) 

In comparison with (2.37), we infer the confining linear static potential V{r) of an infinitely 
massive quark-antiquark pair: 

V{r) = - lim ^ In W[D] = atr . (2.47) 

The only condition for the validity of the Feynman-Kac formula (2.47) is that the states 
|0)'s have a no n- vanishing component over the ground state. 
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3 The heavy quark potential in the AdS / CFT corre- 
spondence 

The gauge/string duality aims at relating gauge theory observables to calculations in 
higher-dimensional dual space-times. For instance, the method for deriving conformal 
dimensions of operators and correlators in conformal field theory via dual string theory 
has been described in [2, 3]. On the other hand, J. M. Maldacena considered the problem 
of calculating the (expectation value of the) Wilson loop W[C] [4]. He suggested the 
following AdS /CFT duality relation: 

W[C] ~ Zstr^ng[C] (3-48) 

where Zstring[C] is the full partition function of the dual string theory. As previously 
discussed in the Introduction, although the string theory is weakly coupled in the 't 
Hooft limit and qym are the closed string and the Yang-Mills coupling constants 
respectively): 

9s = '4^ = ^^,^ , (3.49) 

X fixed 

we do not known yet how to solve free string theory on AdS 5 x S^. Nevertheless, in the 
case where the 't Hooft coupling is large A = Qym^ ^ ^^e typical length scale of the 
string is = \fa' is small in comparison with the AdS^ radius R: 

— = Airg^N = 2A > 1 . (3.50) 

a ^ 

This is the so-called supergravity limit where strings appear as point-like particles and the 
stringy effects can be neglected. The AdS jQYT prescription consists then in calculating 
the Wilson loop W\fl\ in terms of the proper area of a string world-sheet which describes 
the closed loop C on the boundary: 

W{C\ ~ e-^Pl (3.51) 

where 5'[C] is the classical (Euclidean) action of the string world-sheet. As a matter of 
fact, the world-sheet does not describe the Wilson loop (2.35) but its supersymmetric 
generalization since AdS^ x S'^ is the actual holographic space of the A/" = 4 SU{N) 
super- Yang-Mills theory. Especially, we do not expect to necessarily recover the area law 
(2.36) of the Wilson loop (which is indeed a four-dimensional space-time result). 

Since we consider an infinitely heavy QQ pair (non-dynamical external probes), the 
inter-quark distance r is a constant of time and the string connecting the quark to the 



14 



antiquark gives rise to a rectangular contour C on the boundary with temporal extent T 
and spatial extent r: 

T T 

- 2 < ^ < 2 ' ^^-^^^ 

< a; < ^ • (3.53) 

The quark Q and the antiquark Q are put down at x = r/2 and x = —r/2 respectively. 
Nevertheless, because the string is now allowed to move along the fifth holographic coor- 
dinate of AdS^, the minimal area of the world-sheet, of which the boundary is the loop 
C, is no longer the rectangle. Indeed, AdS^ is a curved space-time (the gravity effects are 
non-zero) and, as a result, the string world-sheet will not span only the four-dimensional 
surface enclosed by the contour C at the boundary dAdS^. Instead of that, the string will 
move inside the bulk and, held back by its tension, will reach an extremal value of the 
holographic coordinate. 

If we choose the Poincare coordinates x^ = (x^, z) {fi = 0, 1, 2, 3), the AdS^ x line 
element reads (throughout this section, we will work with the Euclidean signature): 



ds^ = ^ 



[b^^dx^dx"" + dz'^^ + R^dVil . (3.54) 



AdS-^ is the domain 2; > and 8^^ = diag(+l, -|-1) is the Euclidean metric tensor 

of the boundary space-time dAdS^ which can be defined by multiplying (3.54) by and 
setting z = 0. Let us then define the dimensionless AdS radius R as: 

^ = R^ . (3.55) 

We also introduce a new holographic coordinate: 

d2 62 

u = tl^ = — (3.56) 

(XZ z 

which has the dimension of an energy. Not surprisingly, the line element of the bulk (3.54) 
becomes (1.6): 

, ^2 R^ \ 

ds^ = gMN{x)dx^^dx^ + R^dQl = a' (^6f,^dx^dx'' + -^du^) + R^dnj . (3.57) 



U 



To the high (low) energy region 2 — )■ (2 — )■ -|-oo) corresponds m — t- -|-oo (m — 0). 

Let us consider the simplest action which describes the dynamics of an open string, 
namely the so-called Nambu-Goto action: 

Sng[C] =ToJ d^^^/det{^ab) . (3.58) 
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Tq ^ = 2-7ra' is the (inverse of the) fundamental string tension and 'jabiO ('^5^ — ^^'^) 
the induced metric tensor on the two-dimensional world-sheet: 

labiO - Gmn{X)^^ (3.59) 

which requires two parameters C,^ = a and = r (the measure is (^2^ = dadr). The 
metric tensor Gmn{X) of the bulk (3.57) in written in terms of the world-sheet coordinates 
X^ii") = {X'^,X\X^,X^,X^ = t/)(C) (M = /i,5 and, following a standard convention 
in string theory, these coordinates (and the metric) are denoted with capital letters). In 
static configuration, an useful parametrization of the string world-sheet is the so-called 
static gauge where: 

X°(r,a) = t{T,a) = t . (3.60) 

The lines of constant r are "static strings" in the chosen Lorentz frame. On the other 
hand, according to the reparametrization invariance of the Nambu-Goto action (3.58), we 
can choose: 

a = x . (3.61) 

According to (2.47), the energy of a quark- ant iquark pair is obtained in the limit 
T — 00. The string world-sheet is then invariant under a translation along the time 
coordinate and symmetric under the mirror transformation x O —x. Consequently, the 
holographic coordinate of the string U{x), a function of x only, presents a minimum which, 
by symmetry, occurs at a; = 0: in the sequel, we will denote Uq = U{0) this noteworthy 
value. Let us express explicitly the Nambu-Goto action (3.58) in terms of the string 
coordinates. For this, we have to evaluate the components of the induced metric tensor 
(3.59): 

7n = ^n(X)^^ + G.(X)-- = a'^ + a'-^- , (3.62) 

dX^ dX^ 

712 = 12i = Gmn{X)^-^=0 , (3.63) 
722 = Goo(X)^^ = a'^ (3.64) 



dr dr 



such that 



Sng[C] = To dt dxC{U{x),U'{x)) (3.65) 

J-T/2 J-r/2 

with the Lagrangian density 



774 

C = a\IU'^ + j-^ (3.66) 
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and where the prime denotes the derivative with respect to the spatial coordinate dU = 
U'{x)dx. The shape U{x) of the string world-sheet stretching into the bulk is governed 
by the Euler-Lagrange equation: 

Moreover, since the Lagrangian density (3.66) does not depend explicitly on x, we have 
the following first integral: 

The last term vanishes according to the equation of motion (3.67) and it remains: 

^ ^U'^ -C)=0 (3.69) 



dx \ dU 

which finally gives: 



7/4 

i?2f/2 = const. (3.70) 



The constant can be evaluated, for instance, at x = where t/(0) = Uq and f/'(0) = by 
symmetry. One can also derived a useful relation for the derivative of the string coordinate 
(the positive (negative) sign corresponds to < x < r/2 (— t/2 < x < 0)): 



2 



U\x) = ±S^^^U^-U^, . (3.71) 

At this stage, it is suitable to determine the dependence of the quark-antiquark distance 
r on the holographic string coordinate. To do so, we start from the following integral: 



X 



X 

dx' 



Uo U'{x') ju. 



(3.72) 

For X = I (where one puts the heavy quark Q), f/(|) — )■ +oo such that 

2i?2 p dv Rn 
r{Uo) = -— / = — - 3.73 

where we have defined the numerical factor: 

r(i/4)^ ,^ _ 

This relation could have also been guessed from the underlying conformal nature of the 
theory since r — > Ar under a dilatation z — )■ Az, i.e. when Uq ^ (see Eq.(3.56)). For 
later convenience, it is also straightforward to express Uo in terms of r: 

Uo{r) = —- . (3.75) 
p r 
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We are now ready to derive, at least naively, the static VqqIt) potential. The Euclidean 
version of the Feynman-Kac formula (2.47) allows us to write: 

^«5W =^ta is„„lCl = I f'j,f^^ . (3.76) 

Using successively the properties of the holographic coordinate {U{—x) = U{x) and 
U'{—x) = —U'{x)), the first integral (3.70) and the expression of the derivative U'{x) 
(3.71), we have: 



Jo V 71 Ju, U' R^U^ 

As a matter of fact, the last integral gives rise to an infinite result: the potential indeed 
needs to be regularized according to the prescription U (x) < Umax (the limit Umax — > +oo 
being taken at the end of the calculations). Actually, the final recipe for computing the 
Wilson loop, as proposed by Maldacena [4], turns out to be: 

1 



CW=^li,-^(^^c-^M) (3.78 

A/— f oo 

where £ is the perimeter of the loop C on the boundary: 



l = 2T + 2r = 2T (3.79) 

T»r 

which amounts, in the limit T oo, to twice the temporal extent T of the contour. M 
is the mass of the so-called "W-boson string" associated to the quarks [4]. For infinitely 
massive quark and antiquark, this open string stretches all the way from U = (one brane 
which is far away from the boundary) to t/ = oo (where coincident D3-branes defines, 
at low energies, a SU{N) Yang-Mills theory). In a fiat space-time, the mass-squared 
of a stretched string reads as (the quantum fluctuations are neglected)^: 

2 / ^2 



= ^ i . (3.811 



^In a d-dimensional flat space-time, an open string between two parallel Dp- and Dg-branes, located 
respectively at xi and X2, has the following square mass spectrum {p > q): 

1 . 1 



k 



with the number operator iV(''''-°) ^ na^^a^ + ^ 2°'!^ + X! ™"m^a^- The 

n— 1 i—2 r—q+1 m—1 a—p+1 

indices i and a refer respectively to the tangential and to the normal directions to the two branes while 
the index r stands for the remaining tangential coordinates for the Dp-brane and, thus, additional normal 
coordinates to the Dq-brane. 



18 



The locations of the two parallel, separated D-branes, on which lie each of the endpoints 
of the open string, are specified by the values and X2 of the coordinates normal, 
respectively, to the first and to the second branes. In our case, the bulk is AdS^ and 
the superscript a corresponds to the only normal coordinate to the branes, i.e. the fifth 
holographic coordinate (a = 5). Since the string tension is Tq = 2^7; oii^ sees that (3.81) 
is simply the square of the energy of a classical static string stretched between two D- 
branes. In short, the second term on the r.h.s. of (3.78) consists in subtracting in the 
Nambu-Goto action S^g the contribution of the (infinitely stretched) string associated 
to the (infinitely massive) quark and antiquark. In (3.81), the ratio ^ has the dimension 
of an energy and, therefore, can be identified to the holographic coordinate U{x). The 
regularized mass of the "W-boson string" (in string theory, such a stretched open string 
corresponds to a massive vector field) is 



M 



2n 



(3.82) 



such that 



1 

TT 



r/2 



-r/2 

Umax/Uo 
Umax/Uo 



dv 



71 



dv 



1 + 



Un 



TT 



Umax/Uo 



dv 



TT 



U< 



TT 



Umax/Uo 



dv 



1 



(3.83) 



The integral turns out to be finite in the limit t/, 

Uo 



QQ ^ ' 



Tl 

vr 



Ei 



E( 



(2 
K( 



— )■ +00 with the result: 

i)K{-l)+K{2) 

-I] 



(3.84) 



expressed in terms of the complete Elliptic Integrals K{z) and E{z) of the first and second 
kind respectively and where we have used the relation 



K{i/z) = v~z{k{z) - y^y^v/^ir^/ai - ^)) 



(3.85) 



with z 



-1. According to (3.75) and to the numerical values of K{ 

r(i/4)2 



-1) and E(-l] 



K{-1) 



E(-l] 



TT 



P 



4V2^ 2 
21(3/4)4 + TT^ 



2V27rr(3/4)2 



1 

2p 



TT 



(3 
(3.87) 
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it is possible to rewrite the static potential as: 



or, in terms of the 't Hooft coupling A (3.50): 



Ki5W = -^- (3.88) 



^QQ^"^'- r(l/4)4r • ^^-^^^ 

This result is valid for all distances r when A = Qym^ large independently of the value 
of gvM- Especially, we do not recover the area law. Moreover, although the potential 
seems to have a short- distance Coulomb- like behaviour in 1/r (a fact which is determined 
by conformal invariance: the factor 1/a' in the string tension disappears in (3.65) and, 
consequently, in the expression of the potential (3.83)), it goes as a/A instead of A which is 
the perturbative one-loop result: actually, the potential (3.89) turns out to be intrinsically 
non-pert urbative. 



4 The static potential at finite temperature 

4.1 The conformal behaviour of the Wilson loop at finite temper- 
ature 

Following Hawking and Page's work on the thermodynamics of black holes in the anti- 
de Sitter space-time AdS/^ [27], a gauge/string duality involving a gauge theory at finite 
temperature was proposed by Witten [8]. In this framework, on the supergravity side, the 
AdS^ space-time (3.57) turns out to accommodate a Schwarzschild black hole (BH) with 
(the Euclidean version of) the metric: 

We have defined: 

f{u) = 1-4 (4.91) 

and as in (3.55). dVL\ is the line element of the unit radius compact 5-sphere S^. There 
is a curvature singularity in the IR at m = hidden behind an event horizon ai u = ut- 
In particular, at zero temperature, which corresponds to ut = as we shall see below 
(4.95), we recover the metric of the AdS^ x space-time (3.57). Such a solution (with 
an event horizon) is also called the near-extremal D3-brane solution of the equations of 
motion for the metric in type IIB superstring theory, the extremal case corresponding to 
the absence of horizon ut = and f{u) = 1, i.e. to the zero temperature case. 
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The Euclidean time direction shrinks to a zero-size geometrical point at the horizon 
since /{ut) = and is thus compactified on a circle with period /3: t t + p. This period 
(3 = ^ is the inverse of the Beckenstein-Hawking temperature (which corresponds to the 
thermal temperature of the gauge theory) of the near-extremal solution (4.90) and gives 
the location ut of the horizon. We can reason as in [28]. The region of interest here is 
near Ut- So, let us define a new holographic coordinate p as n(p) = + ^^t^)- The 
relevant two-dimensional part of the metric (4.90) becomes: 

dsBH = ot^f[u)dt + — 7^ + --- 



Urp a a K'^ a 

dsln = dp^ + p'd{^ty + ... (4.92) 

We then recognize on the r.h.s. of (4.92) the (dimensionless) angle 9 = with period 
2% such that = Stt or Ut = irR^T. The Beckenstein-Hawking temperature can also 

be derived from the formula (5oo is the Euclidean metric component with time indices): 



1 95, 



00 



Ana' du 



(4.93) 

r ^ 5, . (4.95, 

We still work with a space-time Wilson loop (or ordinary Wilson loop, in contrast 
to the spatial Wilson loop that we shall consider in the non-conformal cases in the next 
sections) for which the boundary temporal and spatial extents are given by (3.52) and 
(3.53). In the static gauge X°(r, cr) = t = t (3.60) and a = x (3.61), the Nambu-Goto 
action is [29]: 



^-1^) = I ^^«V»= ^ j j^sju- H- J (4.96) 



with 



722 = ^%-J{V) (4.98) 
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the non-vanishing components of the induced metric tensor on the two-dimensional world- 
sheet (with our conventions, = o" and = t). U' = U'{x) is the derivative of the 
holographic coordinate with respect to the spatial boundary coordinate x. The Lagrangian 
density does not depend explicitly on this x. Thus, the Hamiltonian in the x direction 
is a constant of motion and the first integral (3.69) can be evaluated at a; = where 
f7(0) = Uq and f/'(0) = by symmetry. We obtain: 



R\ Ul -U^= const. (4.99) 



ij4 

from which can be derived an expression for the derivative U'{x): 



U'i,) = ±^^IE^^m (4.100) 

where the positive (negative) square root corresponds to < x < | (— | < x < 0). 

The integral expression for the distance r between the quark and the antiquark is 
derived as usual (x > 0): 



r 

X 



%^R\ U?,-U-J „,„ 1 ^ (4.101) 



With respect to v = U/Uq and defining e = f{Uo) = 1 — > (since Uq > Ut), we get: 



L-x = / = . (4.102) 



In particular, if x = 0, then 

r{Uo,UT) = ^V~e / . (4.103) 

^ ^ f/o A V(t;4-l + 6)(^;4-l) ^ ^ 

In the supergravity approach, the static potential stemming from the space-time Wilson 
loop with the background (4.90) is obtained as follows. Thanks to the first integral (4.99), 
we have derived an expression for U' (4.100). It is then easy to rewrite the action (4.96) 
following the same steps as in (3.77): 



Sng[C] = — dx\U'^-\ = — - = — / dx— ^ 



n 



^ ^^'^ ^^-^^ - T^fW^^. (4.104) 
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The heavy quark potential is given by Maldacena's prescription (3.78): 

A/— >oc 

where the regularization procedure introduces in the action S^g an ultraviolet (UV) cutoff 
U < Umax {v < Umax/Uo). The sccoud Contribution on the r.h.s. of (4.105) is the required 
counter-term which subtracts the very massive quark and antiquark contributions to the 
regularized potential and which takes in this case the following form (i = 2r + 2T ^ 2T 



and M 



Umax—UT \ . 

V,,t. = - lim ~ . (4.106) 

Indeed, the "W-boson string" corresponds here to an open string stretched between the 
brane at Umax and the Schwarzschild horizon U = Ut [29, 30]. Hence, the counter-term 
(4.106) and the renormalized (or, more properly, subtracted) static potential: 



QQ ^ n Ji V V f ^ — 1 ' Ji TT 

n h VVf — 1 / vr 



Let us focus on the limit case Uq ^ Ut where the string world-sheet is close to the 
boundary such that it does not feel the presence of the horizon. In fact, this configuration 
corresponds to the low temperature limit r ^ /3 or rT <^ 1 (we have ut = ttR'^T). 
Obviously, for small temperatures, the potential behaves approximately as in the zero 
temperature case (3.89) V ~ — ^ since we recover for e ~ 1 the expressions (3.73) and 
(3.83). Moreover, the leading non-zero temperature correction exhibits scaling consistent 
with the conformal invariance of the boundary theory. [29] obtained: 

V oc-^(^l + a{rTY^ (4.108) 

with a a positive numerical constant which does not depend on R. Without length scale, 
it is indeed meaningless to speak, at low temperature, of a large or small compactification 
radius of the Euclidean temporal dimension. 

The high temperature limit r ^ /3 or rT ^ 1 when Uq ^ Ut is more subtle. As shown 
in [29, 30], there is a critical value of the inter-quark distance Tc above which the potential 
starts to be positive. At this point, the bound-state equations (4.103) and (4.107) are 
no longer valid because the lowest energy configuration consists instead of two straight 
strings ending at the horizon. In other words, the quarks become free as screened by the 
effects of the temperature. Hence, the potential exhibits a behaviour expected for the 
deconfinement phase at high temperature when the meson decays into a configuration of 
quarks without interaction. 
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4.2 The area law in three-dimensional Yang-Mills theory 

Following [8, 31, 32], we consider a spatial Wilson loop W[C] (along two space-like dimen- 
sions) at fixed value of the temperature and take the spatial extent Y to be large with 
respect to the other spatial direction Y ^ r. We choose the following parametrization 
for the string world-sheet: 

< ^ < ^ , (4.109) 
Y Y 

-y < y < y • (4.110) 

In the limit Y — )■ oo, the world-sheet configuration is invariant under translation in the 
Y direction. It is then straightforward to write out the classical action (3.58) of the 
space-like Nambu-Goto string in the background (4.90). The relevant components of the 
induced metric tensor are this time = x and ^"^ = y)'- 

7n = + , (4-111) 

722 = a'l^ (4.112) 

such that 

-■K/2 fr/2 -lA nr/2 



Sng[C] = - — - / dy dx^/deti^Uh) = — dx 

2-Ka' J_Y/2 J-r/2 J_^/2 




Y/2 J-r/2 ^" J-r/2 

As always, since the Lagrangian density does not depend explicitly on x, we find a first 
integral which here takes the following form {U{0) = Uq and U'{0) = by symmetry): 

-52 7-7-2 



I TT/ 2 



R^U^ = const. (4.114) 



or, in terms of the derivative U'{x) of the holographic coordinate: 




U'{x) = ±^J{l-^)(^-l) . (4.115) 



The next step consists in deriving the expressions of the inter-quark distance and of 
the heavy quark potential as functions of Uq and Ut- As for the distance r{Uo,UT), we 
have: 

l'r/2 pr/2 poo jjj ^ poo ijj i 

r([/o,f/T) = / dx = 2 dx = 2 ^ = 2R' ^ 



r/2 JO JUo U' Ju, J(l-S)(g^-1) 



^0 

2^2 /-oo 



(4.116) 
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with e = f{Uo) = 1 — j^. In the hmit Uq ~ f/r (e ^ 1) where the string world-sheet 
reaches the horizon, the inter-quark distance diverges: 

9 fS2 poo 1 fS2 

<Uo) = j^ dv-^ In(a-l) . (4.117) 

Thus, we see that the large distance limit (where the confinement is expected to appear) 
consists then in taking the limit Uq ~ Ut- On the other hand, when r ^ /3 = 
the circle 5'^(/3) around the compactified Euclidean time direction is small and, as a 
result, the number of dimensions of the gauge theory on the boundary reduces to three. 
By choosing appropriate boundary conditions along this circle (namely, by taking anti- 
periodic fermions around S^{/3) in contrast to the periodic bosons), the supersymmetry 
can also be broken [8]. Moreover, as both fermions and scalars get masses related to 
the temperature (due to renormalization for the latter), they decouple at high enough 
temperature and the theory reduces to a pure non-conformal gauge theory. We are thus 
considering, at large distances, three-dimensional non-supersymmetric Yang-Mills theory 
at zero temperature (hence the title of this section). On the contrary, at small distances 
r -C /3, the compactification radius of the circle turns out to be sizeable. We deal therefore 
with four- dimensional supersymmetric Yang-Mills theory at zero temperature and, not 
surprisingly, we recover Maldacena's result (3.73) {Uq ^ f/r or e ~ 1): 

9 62 roo 1 p2 1 

riUo) = ^ dv ^ L— = (4.118) 

and the Coulomb-like behaviour of the potential (3.89). We are now ready to treat, in 
the supergravity approach, the static potential derived from a spatial Wilson loop with 
the background (4.90). Following the standard procedure, the action can be rewritten as 



r4 



Y rdU [/' r-. , . (4.119) 



The heavy quark potential is then given by Maldacena's prescription (3.78 



1 



A/— f 00 



where S^g is the regularized action (with the UV cutoff U < Umax or v < Umax/Uo) and 
the counter-term is similar to (4.106) (£ = 2r + 2Y ~ 2Y and M 



2tt ' 



= _ lim . (4.121) 
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We have [31]: 



We are interested in the leading and subleading terms in the static potential at large 
quark separation, i.e. when Uq ~ t/y (e ^ 1). If we remarks that {i is the imaginary 
unit): 

{v-l){v + l){v-i){v + i) =v^ -1 , (4.123) 
(^-l + J)(^ + l-J)(^'-^ + ^^)(^ + ^-^J) = ^'-(l-|)\^^^'-l + e + 0(a , (4.124) 
then the inter-quark distance r (4.116) can be rewritten as 

where we have defined a new function: 

F,{v) = {v + l)(t; - i){v + z)(t; + 1 - ^){v - z + i^){v + i - i^) , (4.126) 
regular in y = 1 and/or e = 0: 

F,(l) = (8-6)(2-J + ^) = 16-66 + 0(6^) , (4.127) 

Z 16 e<l 

Fo(w) = (t; + 1)2(^2 + 1)2 = 16 (4.128) 

11=1 

and which behaves asymptotically as F^{v) ~ v^. In this way, we focus on the main 
contribution of the integral (4.125) which comes from the region v = 1 (see Eq.(4.117)). 
A partial integration gives: 



AK 



Uo 



r{Uo) ^ -- \n(V^i^+ Jv-1 + -) 



1 



V 



J dvln i^Vv - 1 + -y/u - 1 + -) ^ 



Uo J, V 'V 4^F,(^;)3/2 

r{Uo) - -— In e + 0(elne) (4.129) 
zUq 
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J(e) 

aj(e) 



dv 



e ~ e R'' 



- 1 



(4.130) 



or [Uq ~ Ut) 

As for the heavy quark potential (4.122), it is convenient to defined the function J(e): 

l) with J(0) = , (4.131) 

(4.132) 



de 



1 r , y/^^^ 
dv- 



2 A {y^-l + e)3/2 • 



Because of (4.123) and (4.124), the integral (4.132) can be rewritten, in the limit e -C 1, 
as 

dJ{e) , 



where the function: 



v'(v + l)(t'-0(^ + ^) 



(t; + 1 - |)3/2(|; - I + i|)3/2(|; + i - z|)3/2 

is regular in y = 1 and/or e = 0: 

2 1 3 



0.(1) 
00 (^0 



(2 - 1)3 .«i 4 16 



6 + 0(e^) 



(i; + l)(u2 + 1) v=i 4 



(4.133) 
(4.134) 

(4.135) 
(4.136) 



with the asymptotic behaviour (p^iv) ~ By partial integration, we obtain: 



de 



dJje) 
de 



v-1 
V -1 + 



In ( - 1 + \lv - 1 + ^ 



dv 



V - 1 

V - 1 + 



In h/w - 1 + X V -1 



■In e + /(e) + 0(e° 



K{v) (4.137) 
(4.138) 



The integral /(e) can then be treated analogously: 
/(e) = / dv 



V - 1 



V - 1 



+ ln(Vv-l + Jv - 1 



4/J 



(4.139) 



3e, 



_ _ 1 + _)+(,;_ 1 + _) In ^V^+ + l)\<t>» 



+ I dv 



3e, 



^^(v-l)(v-l + -)-{v-l + j)ln +^v-l + 

(4.140) 
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which shows, with (t>[{l) = — | — ||e + O(e^) and (f)[{v) ~^ that /(e) is of order 
Ofeln e): 



f OO 

+ / dv 



m = In 6 + 0(6^1116) . (4.141) 

At the end of the day, the main contribution of (4.132) in the hmit 6 <^ 1 turns out to be 

M£l = line + 0(6 In 6) , (4.142) 
oe 8 

that is 

J(e)= r^e'M^l = lein(e) + (6^ In 6) . (4.143) 
Jo de' 8 

Thus, the heavy quark potential (f/g ^ Ut)'- 

'^iSi^^UT) = P^^r + ^\eHe) + 0{eHne) . (4.144) 

In terms of the distance between quarks (4.130), we find a leading correction to the linear 
potential exponentially small for rT ^ 1 [31]: 



V^;^"^(r, Ut) ^ 1 - -e^^M . (4.145) 

On the other hand, as expected, the string tension is proportional to (the square of) the 
temperature since it is our only dimensionful parameter at hand: 

a = = -nR^T^ = . (4.146) 

The subleading term in the static potential at large quark separation is not in 1/r 
which is, at first sight, in contradiction with predictions from effective string models and 
Lattice QCD [33]. Instead, these latter tend to confirm a subleading attractive Coulomb- 
like contribution to the linear potential, the so-called Liischer term —c/r where c is a 
universal numerical constant [34]. Nevertheless, this result is not so surprising since the 
limits at work in the supergravity approach are the large and the large 't Hooft coupling 
constant limits and it is known that there is no Liischer term in the strong coupling regime 
on the lattice whereas it appears in the weak coupling phase. [31, 35] stressed the fact 
that such a phase transition could also occur in the supergravity approach as the 't 
Hooft coupling is reduced and argued that the Liischer term could arise from quantum 
fluctuations of the classical world-sheet approximation [36]. 
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Finally, it is worth pointing out that the linear behaviour of the static potential is not 
spoilt by the leading stringy corrections 0{a'^) (which consists also of an expansion in 
l/sfN according to (3.50)) of the Schwarzschild black hole—AdS^ metric (4.90). The line 
element was found to be [28]: 



a'Ul + 5,)t-J{u)dt' + dx] + (1 + 5i)^^ + R'dn,] (4.147) 



with the correction coefficients: 

5, = -fC(3)a'' 



,y3 



4 / \ 8 / \ 12 

5(^) +5(^j -19'^ 



^2 = f C(3)a' 

The classical action of the space-like Nambu-Goto string takes then the following form: 

r/2 



f/4 

+ 5l)rr^ TT^rU'^ 



(4.148) 



from which can be derived the inter-quark separation r and the (renormalized) static 
potential V^{r): 



r{Uo,UT) 



2i?' 



2 /-oo 



dv- 



VI + Si 



Uo Jo ^(v'i-i + e){v^-l) 



(4.149) 



^0 , Uo 



dv(^/l + 5i 



' l] + (4.150) 



TT 



27ri?2 TT 

The integrals are modified only by terms in 1/f which do not rule out the logarithmic 
singularity in u = 1 in the limit Uo — Ut (see Eq.(4.117)). 



4.3 The area law in four-dimensional Yang-Mills theory 

We have seen previously that the Schwarzschild black \io\e—AdS^ geometry was required 
in order to deal with a three-dimensional gauge theory (after compactification of the 
Euclidean time direction). If we are interested in studying higher-dimensional gauge 
theories, it is then necessary to consider the general case of a stack of coincident 
(extremal i.e. without horizon) Dp-branes in the decoupling limit. We are therefore led 
to the (Euclidean) metric [37]: 

C^-P) P (p+l) / 7 A r 

ds' = a'{ J,/^ (c/t^ + E^^O + '-^^^^T^du^ + g^t.'^Vd^Nu'^dnlX 

(4.151) 
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with dp = 2'^^'^PiT^~2^T{^^). The couphng constant Qyt^^ of the {p + l)-dimensional 
SU{N) super- Yang-Mills theory defined on the world- volume of the Z^p-branes is related 
to the closed string coupling constant Qg as follows: 

5S^)' = (2vrr^^,a'^ . (4.152) 

The case of interest here consists of p — 4 for which S'yl/ — '^'^^ 9 s\/c/ (hence, gyl/i ^'^^ 
the dimension of a [lengtK]^/'^) and the metric (4.151) becomes: 

3/2 4 j-,3/2 

ds^ = a'{^(^dt' + Y,dxf) + ^du' + RfV^dnl] . (4.153) 

-^4 1=1 ^ 



We have defined = gylf^/d^N = OyMy ^ snoh that has the dimension of a 

{lengthy . When one turns on the temperature, the metric is solution of the equations 
of motion for a stack of coincident (non-extremal i.e in the presence of a horizon) 
Dp-branes in the decoupling limit: 



3/2 4 „3/2 , 2 

dsl^ = a'{^^g{u)dt' + J2d^^ + + ^TV^dnl] (4.154) 

where 



g{u) = 1 - ^ . (4.155) 



The event horizon at Ut is given in terms of the Beckenstein-Hawking temperature T: 

1 d6oo 



T 



Aira' du 

which gives: 



u=UT A-kR^J'^ 



(4.156) 



UT=^^7.'RlT' = \7.gPjNT^ . (4.157) 
The Nambu-Goto action (3.58) of the space-like string world-sheet is this time: 



and the integral expressions for the distance r between the quarks and the static potential 
are (e = g{Uo) = 1 - ^): 

2i?f^ r dv 



Uq -^1 V - 1 + e)(?;3 - 1) 
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Also, we find that the potential presents an area law behaviour in the case of a four- 
dimensional non-supersymmetric gauge theory with a string tension {Uq ~ Ut)'- 



a 



27,rT 27 



-ng'^l, NT' (4.161) 



expressed in terms of the dimensionless coupling constant gfy^^ of the four-dimensional 
gauge theory [32]. This latter is obtained from gy^j after compactification of the Euclidean 
time direction along a circle S'^(/3) of circumference /3. We have indeed: 

^^^^^ = / ^'^^^ = / ^'^1^ ' ^^-^^2) 
9ym 9ym 9ym 

namely, g^yli^ = gyM^T. 

To summarize, we observe an area law for spatial Wilson loops in four- and five- 
dimensional supersymmetric Yang-Mills theories at finite temperature. This can be inter- 
preted as the area law of ordinary Wilson loops (after having identified one of the spatial 
coordinates of the higher-dimensional theory as the non-compactified Euclidean time) in 
three- and four-dimensional non-supersymmetric Yang-Mills theories at zero temperature 
which indicates confinement in these theories. 



5 The heavy quark potential in holographic models of 
QCD 

5.1 Andreev and Zakharov's model 

The holographic models of QCD imply to introduce a dimensionful parameter related in 
some way to the QCD mass gap. This can be the cutoff Zm where is located the IR brane 
in the Hard Wall Model [9, 10, 11] or the dilaton parameter in the Soft Wall Model [17]. 
In [38, 39], the authors chose to break the isometry group of the holographic space-time 
AdS^ {i.e. the conformal invariance of the boundary field theory) by means of a warp 
factor h{z) in the Euclidean metric: 

ds"^ = gMN{x)dx'^^ dx^ = —h{z) 6MNdx^ dx'^ . (5.163) 

The bulk coordinates are x*^ = [x^ ^ z) with x^ (/i = 0, . . . , 3) the boundary coordinates 
and z > the holographic coordinate. 6mn = diag(-|-l, -|-1, -|-1, +1, +1) is the Euclidean 

1 2 

flat metric tensor. In this model, the warp factor h{z) = e^'^^ introduces the conformal 
symmetry breaking parameter c and we recover the AdS^ metric (3.54) near the UV 
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brane z ^ where h{0) = 1. It is worth pointing out that this c does not have to be 
identified with the (square of the) dilaton parameter ^{z) = c^z"^ in the IR Soft Wall 
approximation. For example, even if the equivalence holds for the vector meson case [17] 
(and then c| = |), it is not true in general (see, for instance, the effective action for the 
scalar mesons [19]). 

As usual, we start from the Nambu-Goto action (3.58) in the static gauge (3.60)- 
(3.61) X^{t, a) = t with a = x. The non-vanishing components of the induced metric '-fab 
(a, 6=1,2) on the world-sheet (3.59) are: 



711 = $rh{z) , 
722 = ^h{z){l + z") 



, .,2^ (5.164) 



where the holographic coordinate of the string z{x) is a function only of x in the limit 
T — oo (in order to not overweight the notation, we give up the convention of writing 
the string coordinates with capital letters). The Nambu-Goto action of the string is then 
(the notation g instead of is used in [39]): 

Sng[C] = ^T r dx^Vl + z'^ (5.165) 

2 

where C is the rectangular loop already considered in (3.52)-(3.53). The equation of 
motion for z{x) and the first integral read respectively as 

S^Sng = zz" + {2- cz^){l + z'^) = (5.166) 

and 

C . (5.167) 



z^./TT(z')^ 



The integration constant C is positive and can be evaluated for any value of z{x). Espe- 
daily, at X = 0, we have z(0) = Zq and z'(0) = by symmetry such that C = where 
we have defined: 

X = czl . (5.168) 

The two parametric expressions for the inter-quark distance r{zQ, c) and the interaction 
potential V{zo, c) take the following forms: 

, , , ^dz n , Cz^ f C^z\-l 

riz.,c) = 2 1 dx^2l-^2l dz^{l-^ 

2C /'"rf^^vi-Yi-4e'-'=''^"' 



z, 







r(A,c) = 2 J- r dvv^e-^^^'~^"Ul-v''e^^'-^"A~~' (5.169) 



iv=^) V c 
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and 



V{zo,c) 



lim ^Sr,G[C] = ^ 1^ dx^Vl + z" 

T-^ooT 271 ' 



h 



n- 1^ dz h r 

— / — -vi + ^ = — 



{■"=—) 



IT 

TX 



'° h , 
dz— 1 



— \ - dv 
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(5.170) 



where we have made use of the expression of z'{x) derived from the first integral (5.167): 

h 



z{x) 



'Cz^ 



1 - 



C2 z\\ 



(5.171) 



The plus (minus) sign corresponds to— |<x<0(0<x<|). As expected from 
our previous studies (see, e.g., the Eqs.(3.77) and (4.119)), the integral (5.170) does not 
converge when — )■ and require an UV cutoff z{x) > Zmin'- 



T/Ci-esOfX c Z ■ ) 



TT 
TT 



^ dv 



,,4gA{l-.-) 



1 



TT 



^ dv 



t>2 L 



e5^^'' ( 1 



^ dv 

Tiin I ^0 

1 

(5.172) 



If one remembers the relation U = ^ (3.56) between the two holographic coordinates z 
and U, then the last term on the r.h.s. of (5.172) is canceled out, according to Malda- 
cena's prescription, by the same counter-term present in (3.83). At the end of the day, 
in a holographic space-time with the background metric (5.163), the renormalized (or 
subtracted) potential is: 





dv - 




Jo ^ - 



(5.173) 



5.1.1 The heavy quark potential at large distances 

As a matter of fact, the expression (5.169) has a logarithmic singularity when A 



CZn 



2. 



This peculiar finite value of = y ~ corresponds to the maximal extent reached by 
the string world-sheet along the holographic coordinate. There, the inter-quark distance 
r(A, c) explodes, which mimics the confinement mechanism. On the contrary, if the confor- 
mal symmetry breaking parameter c = 0, then Zq is allowed to run over all the holographic 
dimension (0 < < oo) and we do not have confinement anymore. Let us identify this 
logarithmic singularity. Since r(2, c) does not converge, it is not allowed to expand (5.169) 
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in powers of (2 — A). Nevertheless, as we are interested in the region z zq, i.e. ~ 1, 
the integral in r(A, c) can be approximately replaced by its main contribution: 

r(A,c)~2J- / = . (5.174) 

\ cJo y/2{2 - A)(l - v) + (-2A2 + 9A - 6)(1 - v)^ 

The quark separation has clearly a logarithmic singularity at A = 2: 

r(A,c) ~ -J-\n{l-v) . (5.175) 

The static potential (5.173) develops the same singularity when f — 1 at A = 2. Indeed, 
we can write: 









/ dv 




Jo 



1 



V2(2 - A)(l -v) + (-2A2 + 9A - 6)(1 - 
where e is the exponential function of the unit. At large distances, we have then: 

\/(^)(A,c)^^^-^y|eln(l-t;) (5.176) 

which gives, in terms of r, a linear confining potential: 

^(«)(r,c) = ar (5.177) 
where we have defined the large- distance string tension: 

a = R^—c . (5.178) 

4:71 

5.1.2 The heavy quark potential at short distances 

The behaviours of r(A,c) and V^^\\,c) at short distances correspond to a string config- 
uration with Zq ~ 0, namely to the limit A — (since then the string world-sheet does 
not go far away along the fifth holographic coordinate, it mainly feels the UV geometry of 
the background metric. As a consequence, there is no IR correction to the potential [39]). 
The expansion of the inter-quark distance in power series up to the order O(A^) yields: 

A ^ , A(l -t;2) ^ ^^^^^ 



(5.179) 
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The first integral on the r.h.s. gives the well-known AdS /CFT result (3.73): 

\ c p 



(5.180) 



the usual numerical factor and -y/ ^ = zq = Although the second and 



with p = 

the third integrals are singular when i; — 1, in fact their divergences ~ 1/^/1 — cancel 
out each other. This can be easily seen as follows: 



r(A,c) 



r(A,c) 



- + A / dv{ - 

+ A 
+ A 



(1 - v^) - 1 (1 - v^) 



dv 
1 



(l_y4)3/2 (l-t,4)3/2 
1 1 



VT^{1 + t;2)3/2 yr^" 



0(A2 
+ 0(A2 



v^r(5/4 )^ 

r(3/4) 



j+0(A^)_ 



(5.181) 



where £'(—1) is the complete Elliptic integral of second kind (3.87). By standard handling 
of the Gamma functions (such that the formulae xr{x) = r(x + 1) and r(x)r(l — x) = 
we finally obtain: 



sm(7ra;) ' 



r(A,c) 



Al 

cp 



1-^(1 



np 



(5.182) 



Furthermore, it will be worthwhile to express A in terms of r when we will attempt to 
write the potential V^^^^ (r, c) . Successive iterations give then: 



y^ = pr(l + ^(l-V) + 0(A^)) 



pr[l + -p^r^(l — np^ 



smce 



A = cpV^ (l + ^(1 - vrp2) + 0(A2)) = cpV^ (l + 0{r^i 

The heavy quark potential (5.173) is treated in the same way as the inter-quark distance. 
We get: 



(5.183) 
(5.184) 



V(^)(A, 



VVa 



A 



1 



— I dv 



2v' 



1,4)3/2 



2p 16^2^ L 



i2r(i/4)r(5/4) + r(3/4)r(-i/4) + o{\^ 



(5.185) 



where the two first contributions in the first line consist of the renormalized expression 
(3.83) of the AdS /CFT potential (after appropriate variable changes). We are now able 
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to write the potential V^^\r, c) as a function of the distance r between the quarks: 
V^^\r) = -^^(l-|pV(l-V) + 0(r^))-^(l-3V)cr(l + 0(r- 



(5.186) 



— + (Tor + 0(H) (5.187) 
r 



with 



(5.188) 



_ p2 cp^ 

Although the linear term in the Cornell potential (2.20) has only one string tension for 
any length scale, it appears, in the supergravity side, two tensions a (5.178) and ctq (5.188) 
corresponding respectively to the large and short distance regimes. Nevertheless, their 
ratio turns out to be rather closed to one: 

- = ^ = rFTTSi - 1.24 . (5.189) 

(To Trp^ r(l/4)4 

Without being obviously conclusive, this estimate is satisfactory at the accuracy level usu- 
ally associated with holographic models of QCD. As for the Coulomb-like term in (5.187), 
it does not have to be identified with the perturbative part of the Cornell potential. This 
is reminiscent of what happens in the AdS /CFT correspondence where the potential in 
1/r (3.89) behaves not as a power of the 't Hooft coupling but as the square root thereof. 
Nevertheless, it is hard, in the string picture used here, to disentangle the contributions, 
if any, of the large distance Liischer term in 1/r from the perturbative Coulomb term at 
short distances. 



It is worth pointing out that Andreev and Zakharov's model has also been used to 
explore finite temperature features of a heavy quark-antiquark pair as, for instance, the 
spatial string tension [40] or the free energy [41]. The line element (5.163) has also been 
considered in [42] in order to study the baryon potential and the Y-ansatz of the baryonic 
area law. 



5.2 The heavy quark potential from general geometry in AdS / QCD 

In the following, we will consider a general form of the metric which respects Poincare 
symmetry on the boundary [43, 44]: 

ds^ = a'R^ (^f{z)5^^dx^dx'' + — j (5.190) 

with 5^^y = diag(+l, -|-1, -|-1, -|-1) the four- dimensional Euclidean fiat metric tensor. The 
warp factor f{z) > is assumed to be positive. In particular, f{z) = ^ corresponds to the 
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Euclidean AdS^ line element. The Nambu-Goto action in the static gauge X^{T,a) = r 
and (J = X reads 



Sng[C] = ^ 



T/2 



dt 



T/2 



r/2 



r/2 



dxf{z) 



(5.191) 



where z{x) is the holographic coordinate of the string. The Lagrangian density does not 
depend explicitly on x which gives us the first integral: 



/o 



(5.192) 



where Zq is the value of z{x) at x = 0, that is, the maximal extent of the string world-sheet 
along the holographic dimension where ^^'(0) = by symmetry and /o = /(-^o)- We derive 
the expression of the derivative z'{x) (—t/2 < x < for the plus sign and < x < r/2 
for the minus sign): 



z\x) = ±z./J{z). 



The equation of motion is: 



// /2 ■i el/ \ ^ f'i^) 

zz — z — Z J [z) — -■ 



2/(^) 



ZZ =0 



(5.193) 



(5.194) 



where z'{x) = and f'{z) = ^ are the derivatives with respect to the arguments. In 
the anti-de Sitter case where f{z) = ^, we recover the equation of motion (5.166) (with 
c = 0) which describes the behaviour of the string world-sheet spreading into the AdS^ 
holographic space-time. 

The inter-quark distance takes the general form: 



r/2 
-t/2 



dx 
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4P 



(5.195) 



Following [44], we have defined f{z) = z"^ f{z) such that /(O) = 1. As for the interaction 
potential, we find successively: 
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(5.196) 
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The last expression of the energy is obtained as usual, once the infinite contribution ■^7-'— 
{zmin 0) stemming from the "W-boson string" associated with the very massive quarks 
is subtracted. 

On the one hand, at short distances i.e. when the string world-sheet is close enough 
to the boundary space-time, the bulk geometry felt by this latter is nearly AdS^. Not 
surprisingly, the limit zq (and then 2 — )■ and f{z) — )■ 1 in (5.195) and (5.196)) gives 
the famous AdS /CFT results (3.73) and (3.84): 
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(5.197) 
(5.198) 

(5.199) 



On the other hand, in the case of mesonic bound-states, the confinement criterion 
can be stated as follows: there exists a finite value Zq of the maximal extent of the 
world-sheet along the holographic coordinate such that the distance r{zQ) between quarks 
diverges. This peculiar value Zq is related to the QCD mass gap. In particular, it enters 
the expression of the string tension in the confining linear potential. Moreover, this 
divergence is logarithmic. By expanding around Zq, we have indeed (where /{zq) = /q): 
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(5.201) 



With the background metric (5.190), the confinement criterion is then [44]: 



' dz 



2/0 



such that t^Zq) diverges logarithmically: 



r{zl) ~^-ln(l--) 



(5.202) 



(5.203) 
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We are also interested in the asymptotic behaviour of the potential From our previous 
studies, we expect the same kind of singularity than for t^Zq). We find indeed: 
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ro dz - 
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Jo 



V^''^^) = — --7+ / -7 1- 



2 



4'P{^) 



d^i^'TJ^-n ■ (5-204) 
^ Jo 



The integral is the same that enters the expression of the inter-quark distance such that 

V(^\r,z*Q) = a{z*)r (5.205) 

with the string tension: 

^(4) = ^4 • (5.206) 

To conclude this section, let us mention that the heavy quark potential has also been 
investigated in a realization of the hard wall approximation: the used framework is the 
Randall-Sundrum model [45] which consists of an AdS^ slice between two D3-branes with 
the fields of the Standard Model living on the four- dimensional world-volume of one of 
these branes [46]. Thermal effects have been studied by means of the Schwarzschild black 
hole— Ads' metric [47]. The issue of finding general criteria for the confinement has also 
been considered in [48]. 



6 The supergravity description of baryons 

6.1 The baryon potential within the AdS /CFT correspondence 

In a SU{N) Yang-Mills theory, a colour-singlet baryon must be made of quarks. As 
described in the supergravity dual, such a baryon consists of quarks living on the 
boundary of a holographic space-time. On each of these quarks ends a string with the 
other endpoint attached to a D5-brane wrapped around the 5-sphere S^: the so-called 
baryon vertex located at the holographic coordinate uq [35, 49]. The typical radius of 
the baryon is denoted r. Moreover, the configuration of the A^ quarks on the boundary is 
symmetric with respect to the boundary dimensions such that the resulting force acting 
on the baryon vertex is zero along these directions. In the following, we will consider only 
the induced metric contribution of the Dirac-Born-Infeld action of the D5-brane: 

^D5 = Ts / d'^xy/detgj.^ (6.207) 
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with = {2Tifa'^g, the (inverse of the) tension of the brane^. The hne element ds^^ 
which measures invariant distances between two events located on the brane at Uq can be 
derived straightforwardly from the AdS^ x 5*^ line element (3.57): 

dsl^ = a'^de + a'R^d^l = a'^de + a' gijdO' d9^ = a'^dt^ + Qi^duo'dJ (6.209) 

where we have defined the dimensionful coordinate = (y/a'R) 6** = 1, . . . , 5). Being 
the D5-brane static, the square root of the determinant of the induced metric in (6.207) 
does not depend on the time. The integral over the time coordinate — T/2 >t> T/2 gives 
rise to an overall factor T in the action. The remaining integrals involves five coordinates 
describing the S^. We have [50]: 



■^Ds = /o X5 /3 / d^x\ a'^^/detgs^o = ° — ^ / d^x^detgs^ 

(6.210) 



(27r)5(aO%si? Js^^ 



(27r) 5 («')%,/? Stt 

where V^(S'^) = vr"^ is the volume of the unit 5-sphere and R^ = ATrg^N . The Nambu- 
Goto action of a string world-sheet in the AdS^ x 5*^ background has already been widely 
studied (3.65)-(3.66). However, the baryonic system involves the additional contribution 
of the D5-brane. The total action is thus (with U{x = 0) = Uq): 



Stotal = Sb5 + 2^ ^string = ^ ^ / V F ' ^ ^ ^ 

Let us remark that the integral above over the boundary spatial coordinate x runs from 
to the typical radius r of the baryon. This latter should not be confused with the 
inter-quark distance, also denoted r, in QQ bound-states. (Besides, the dual string con- 
figurations associated to baryons and mesons are quite dissimilar.) 

First of all, let us derive the stability condition of the baryon vertex along the holo- 
graphic coordinate. Since the endpoint Uq of the strings is free to vary 5Uq 7^ and 



•^In general, a Dp-brane carries on its (j)+ l)-dimensional world- volume electromagnetic fields of which 
the dynamics is governed by the so-called Dirac-Born-Infeld action: 



'Dp 



MN + "^t^ch'Fmn) (6.208) 



with Tp = (2^£^)p+ig the brane tension and A/, = 0, 1, . . . ,p the space-time indices of the (flat) world- 
volume of the Dp-brane. 
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the variational principle gives: 



total 



NT f 6Uo 



dx 



' (''-^6U + U'Pu)} 



NT 



5Uo 



dx-^ 
dx 



U'5U 



NT 



dx 6U 



d 

dx 



U' 



(6.212) 



The first contribution in square brackets stands for the surface term at Uq (since 5U (r) = 
on the boundary space) and must vanishes for any 5Uq which gives therefore the stability 
(or no-force) condition of the D5-brane along the holographic coordinate: 



1 

4 



(6.213) 



where Uq 



dU 
dx 



have Uq 



1 



x=0 



is the slope of the strings at the baryon vertex. In particular, we 



-j^g ^4 which allow us to determine the value of the first integral (3.70) at x = 
in the baryon case: 



U' 



/f4 




■2rr2 



const. 



(6.214) 



or, if we are interested in an expression of the derivative (always positive since < x < r) 



U'(x) 



(6.215) 



The second contribution in square brackets must also vanish 



We have defined (3 = 
for any interior 6U and, thus, gives the equation of motion for U{x). 
The typical radius of the baryon has the expression: 



r{Uo) 



dv 



,°°dU _ /-oo 



or 



p2 /"oo 



dv 



The contribution of one string (i) to the energy of the baryon is obtained in a way similar 



(6.216) 



(6.217) 
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to (3.83): 



^Areg.){i) ,jj jj n 
^string I'^O; ^ max ) 
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Uo 



r/2 



^string I'^Oj 



So, the energy of the baryon is: 

iVf/n 



Umax/Uo 



dv 



NUo 



Uo 
2tv 



Umax/Uo 



■in 



2tx 



dv 



2,,4 



- 1 



dv 

(6.218) 



^v' 



v//32t;4 - 1 



(6.219) 



In terms of the typical radius r, we obtain a potential which is proportional to times the 
potential of a quark-antiquark bound-state (3.89) (A is the 't Hooft coupling constant): 



-Na 



B- 



with 



du 



1 u- 



dv 



2,,4 



0.036 



(6.220) 



(6.221) 



The behaviour in 1/r of the baryon potential is obviously dictated by the conformal 
invariance of the field theory at the boundary. 



6.2 Existence of AdS jQY^ baryons made of A; < quarks 

Remarkably, another string configuration has been identified which allows, on the su- 
pergravity side, to account for baryons made of a smaller number of quark constituents 
k < N [50]. In that case, to the baryon vertex at uq are attached k strings, quite anal- 
ogous to those studied above, which end, at the boundary (n — +oo), on the k quarks. 
However, there are N — k remaining strings which stretch out from the baryon vertex to 
the brane at u = 0. These strings are radial straight strings and are described by the 
action {j = k + 1, . . . , N — k): 



oU) 
^string 



2Txa' 



d^^^/det{-fa 



1 



27ra' 



T/2 nUo 

dt I dUVa'^ 

-T/2 Jo 
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(6.222) 
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since the non-vanishing components of the induced metric tensor on the world-sheet are 
here (^^ = U and = t): 

711 = a'^ , (6.223) 

722 = a'^ . (6.224) 
Hence, the total action governing the dynamics of the baryon: 

k N~k 

Stotal = 'S'ds + Sg^^^^g + 'S'sfrmg 

i=l j=l 



StT 271 Jo V 271 

The variational principle gives then the following stability condition for the baryon vertex 
along the holographic coordinate: 

I n ^ ^0 5iV-4fc_ 2 A' Ul ...... 

OStotal \ surface = ^ , , = 7^ = A ^ Uq = . (6.226) 

U k = N, then A = ^ and we recover (6.213). If the baryon has less quarks k < N then 
A> ^. On the other hand, the upper bound for A (which corresponds to the lower bound 
for k) is obtained for radial straight k-tjpe strings ending on the baryon vertex such that 
[/^ oo. Then, A = 1 and A; = ^. To summarize, the condition for having a stable 
string/brane system into the bulk demands ^ < k < N. 

The Lagrangian density in (6.225) depends on x only through U{x). It results the first 
integral: 

^ VT^^R^U^ (6.227) 



which can be put into the form: 



The radius and the potential of these "reduced" baryons are then: 

d2 poo 1 

r^u.,.-VT^l (6.229, 

and 



Vb{Uo) = + ^ — H / dx\ U'^ + ^ 

^ ' 8n 27T 271 Jo V i?4 

NUo (N-k)Uo kUo r , 

dv- 



iv=^) Svr 271 271 J, _ (1 _ ^2) 
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27r 

l4"^(t/o) = ^^ + ^^^ , . ^=-\ -\\ (6.230) 

where the counter-term required in order to absorb the UV singularity consists here of 
k radial straight strings stretched out from the boundary at Umax to the brane at m = 
(the contribution of the baryon vertex vanishes according to (6.210) with f/o = 0): 

Vc.t=- lim k^^ . (6.231) 

When k = N, (6.227)-(6.230) reduces to (6.214)-(6.216) and (6.219) respectively. If 
k = ^ then A = 1 which implies r{Uo) = (the baryon size vanishes) and vI^\Uq) = 
independently of the location Uq of the D5-brane along the holographic coordinate. If 
^ < k < N then A < 1 and the baryon energy V^^\r) = —aUQ{r) can be written as 
the product of a negative constant —a {a > 0) with Uq (expressed in terms of r) [50]. 

6.3 Baryons in three-dimensional Yang-Mills theory 

As largely discussed in preceding sections, we consider a spatial string/brane configuration 
in the Schwarzschild black hole— AdS's background (4.90). The Nambu-Goto action of one 
space-hke string world-sheet reads {i = 1, . . . , N) 



''^•-^-lf/i%^U^r ' (6.232) 



which is obviously reminiscent of (4.113), and the total action is: 



1=1 




T 



Apart from the equation of motion for the string coordinate U (x), the variational principle 
gives the following surface term at Uq where the baryon vertex wraps the 5-sphere 5*^ 
{6Uo ^ while 6U{r) = 0): 

Uq 1 

SStotall surface =0 =^ , = = 7 • (6.234) 

'"^ 

At zero temperature where Ut = nR^T = 0, we recover the stability condition (6.213). 

We are interested in the large distance regime where the typical radius of the Yang- 
Mills baryons is large. That corresponds to the situation where the D5-brane reaches the 
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horizon {Uq -> Ut)- Then, according to (6.234), the slope of the strings must vanish at 
the horizon {Uq — > 0): the N strings, attached to the quarks on the boundary, become 
radial straight strings but, contrary to the AdS /CFT baryons made oi k = ^ quarks 
considered previously, the radius of the Yang-Mills baryons remains sizeable. Indeed, 
once they hit the event horizon at ut, the strings spread along the transverse directions 
to the holographic dimension up to the baryon vertex. In this limit case, the first integral 
derived from (6.233) reduced to (4.114): 

774 774 

° = const. (6.235) 



It sheds light to express the radius (denoted here in order to distinguish it from the 
meson inter-quark distance) and the energy of the baryons in terms of the quark separation 
(4.116) and of the potential (4.122) of the QQ bound-states in three-dimensional Yang- 
Mills theory. We have at large distances [Uq ~ Ut)'- 

rsiUo.Ur) ir(C/„,C/r) , (6.236) 
V^-'Hu^Ur) ^ + Evl^(U„Ur) . (6.237) 

The integrals in rsiUo, Ut) and {Uq, Ut) diverge which gives rise, by identifying their 
singular contributions, to a confining linear potential with a string tension equals to 
times the mesonic string tension (4.146): 



Vp {r) = N[ -nWT' ) r . (6.238) 



7 Conclusion 

The expectation value of the Wilson loop W[C\ provides, through the area law at large 
distances, a criterion for the confinement. According to the AdS /CFT prescription [4], it 
can also be evaluated, on the supergravity side, from the classical Nambu-Goto action of a 
string world-sheet lying on the closed loop C at the boundary. Since the world-sheet is no 
longer forced to span only the four-dimensional boundary space-time but can spread out 
along the fifth holographic coordinate, we do not expect to necessarily recover the area law 
of the Wilson loop (which is indeed a four- dimensional space-time result). In the absence 
of any length scale, the interaction potentials of hadrons exhibit a (non-perturbative) 
Coulomb- like behaviour V{r) cx — 1/r in agreement with the underlying conformal invari- 
ance of the boundary theory. On the contrary, provided that a dimensionful parameter 
is introduced in the formalism (which can be the Beckenstein-Hawking temperature or 
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by means of a warp factor in the AdS^ metric), the hnear confinement V{r) oc r arises 
corresponding to the situation where string world-sheet reaches a stationary point along 
the holographic coordinate for which the inter-quark distance r explodes. 
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A Brief review of the Wilson loop in QCD 

When one attempts to formulate QCD in a discretized space-time, one is naturally led 
to introduce the so-called Wilson loop W[C] (especially, when one tries to build a gauge 
invariant action for the gluon fields) of which the large distance behaviour provides a 
confinement criterion [25]. The (Euclidean version of the) area law: 

W[C] =e-""'^ , (1.239) 

where the contour C is taken as a rectangle with time-like and space-like sides of length T 
and r respectively, is equivalent to a confining interaction potential (r is the inter-quark 
distance): 

V{r) = atr . (1.240) 

The Wilson loop is consequently a key ingredient of lattice QCD and plays a fundamental 
role for the study of non-perturbative properties of QCD. 

We might wonder whether the Wilson loop plays such an important role in the contin- 
uous theory. As a matter of fact, it turns out to be at the basis of a formulation of QCD 
where all the references to the gauge invariance of the theory (gauge transformations, 
gauge-fixing terms, etc. . . ) are discarded. Within this framework, QCD equations be- 
come functional equations of the Wilson loop (or rather, of its multi-loop generalizations): 
their resolving would then bring us valuable information on the behaviour of QCD. 
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A.l The gauge line 

QCD is a non-Abelian gauge theory: the Lagrangian density Cqcd is invariant under local 
transformations of the quark field phases, which requires the presence of self-interacting 
gluon fields in the theory. Being local, the transformations involve space-time dependent 
parameters. That explains why the Dirac mass term —mq{x)q{x) is allowed in Cqcd 
whereas the non-gauge invariant bilocal term q{y)q{x) is not for instance. So, which sense 
to give to the partial derivative of the quark field d^q{x) in a direction (i: 

9,g(x)^lim^^:^l±i^l^ (1.241) 

e-s>0 6 

which indeed involves two different space-time events. The gauge transformation of d^q{x) 
seems intricate since to each point x and x + efi corresponds a different transformation 
law. To resolve this issue, one introduces a non-local object, namely a phase factor or 
gauge line U such that U{x + ejj,)q{x) and q{x + efi) satisfy the same transformation law. 
In other words, U{x + efi) brings the gauge transformation from the point x to the point 
X + efi. The new derivative is then defined as: 

^ lim + ^A) - Ujx + efi)q{x) 

which is nothing else than the standard covariant derivative: 

D^q{x) = {d^ + igA^{x))q{x) (1.243) 

such that 

q{x) q\x) = n{x)q{x) , 

D^q{x) ^ D'^q'ix) = n{x)D^q{x) . 

A^{x) are the gauge fields, f2(x) = e*^'^^^^ is an element of the gauge group SU{Nc) and g 
is the strong coupling constant. In this appendix, the number of colours is regarded 
as a free parameter allowed to take all the possible positive integers. As a result, we 
have A'^ — 1 (the dimension of the group) real gauge parameters u'^x): the hermitian 
parameter matrix reads uj(x) = uj^(x)^ and the y's are the infinitesimal generators of 
the algebra su{Nc) {i = 1,2, . . . , - 1). 

The definition of the gauge line is the following: 

U{y,x;C) = Pe-^^^'^''^^)'^^'' (1.245) 

which consists of a line integral of the gauge fields A^{x): thus, U{y,x;C) depends on 
the path C oriented from x to y. In the differential geometry framework, one says that 
U{y, x; C) performs a parallel transport from x to y and that Af^{x) is the corresponding 
connection. The prescription P in (1.245) is the path ordering operator, required in 
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order to take into account the non-Abelian nature of QCD. Indeed, the gauge fields 
A^{x) = are anti-commuting square matrices of order Nc- 

A path C{a) (so, a mapping function) can be parametrized as follows: 

" P-^l^-^* (1.246) 

where A^^ is the (3 + 1)— dimensional Minkowski space-time with the fiat metric tensor 
Vfj,y = diag(+l, —1, —1, —1) and the parameter a G [0, 1] such that x^{a = 0) = x'^ and 
x^{a = 1) = y^. Moreover, dx^ = x^{a)da where x^ = ^ is the fi^^ component of the 
four- vector tangent to C at x{a). The gauge line (1.245) has then the following parametric 
representation: 

U{y,x;C) = Pe-^^^^o ^-^-"(-MmW-)) (1.247) 

and is invariant: 

• by reparametrization: x{a) — )■ x(cr') where a' = f{a) with /'(cr) > in order to keep 
unchanged the point ordering along C. 

• under transformations of Poincare's group (the fiat space-time isometry group): 
x'^((t) — > x'^(cr) = A'^^x''{a) + where the Lorentz matrix A^j, and the translation 
parameter a'^ are constant. 

One sees that to each generator y is associated, via the gauge field yl^(x(cr)), one 
and only one value of a: the operator P puts in order, through the parameter a, the 
su{Nc) generators y's along C. Let us now divide the path C into infinitesimal straight 
lines (5C's, it is then possible to express the phase factor U {y, x; C) as an infinite product 
of elementary gauge lines, each of them being associated with its own contour 6C and 
ordered along C according to the prescription P: 

U{y, X- C) = lim n U{xn, Xn-i, SC) . (1.248) 

n— >oo -•- -•- 

n 

Another expression for U{y,X]C) makes use of the parametric representation (1.247): 

»1 nl 



^ • PL PL 

U^{y, x-C) = Y.i--^T da^... da^ 9{a^ - a^) . . . e(a„_i - a„) 

n=0 V2 Jo Jo 

xx^^ia,) . ..x^-{an)A,,X{a,) . . . A^„^^(a„) (1.249) 



where we have written Af^{x{a)) = A^{a) for the sake of simplicity and defined the matrix 
element (A^)^ = (A^y)^ = ■^A^'^ (a,6 = 1,2, . . . , A'c). At each order in the expansion, 
the operator P puts in order the gauge field product from the right to the left by increasing 
value of cr. The Heaviside functions play the role of the prescription P and compensate 
for the factors of l/n\ usually present when expanding the exponential function. (The 
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expansion (1.249) is similar to the well-known QFT expansion of the evolution operator 
in interaction representation.) 

Because the gauge line U{y, x; C) carries out a parallel transport from x to y along the 
path C{a), the fields q{y) and U{y,x;C)q{x) satisfy the same transformation law (thus, 
the operator q{y)U{y,x; C)q{x) is manifestly gauge invariant) which implies the following 
gauge transformation for U {y, x; C): 

U{y, X- C) ^ U'{y, x; C) = n{y)U{y, x; C)n\x) . (1.250) 

Then, the corresponding matrix element f/^(y,x;C) transforms as follows: 

U^{y, X- C) ^ U'l{y, x; C) = n^AvW^div, Q^tix)^ (1.251) 

from which can be easily obtained the infinitesimal gauge transformation: 

SGU^{y,x;C) = z^?[<(2/)f/,^(y,x;C) - f/,"(y, x; C)K(x)] ■ (1.252) 



A. 2 Mandelstam's formula 

Mandelstam's formula [51] is one of the most important equation when one attempts to 
rewrite Yang-Mills theory within the loop space formalism (defined as the set of all the 
continuous closed curves): 

Uiy, X- C) = -tgUiv, z; C)G^Az)U{z, x; C) (1.253) 



Saf^iz 

with G^y{z) = dfj_Ai,{z) — d^A^j^^z) + ig[A^, A^]{z) the non-Abelian strength field tensor. 
This relation can be derived as follows. Thanks to the path ordering prescription P, the 
gauge line (1.245) can be written as the product of three phase factors: 

Uiv, X- C) = Uiv, X2; C)t/(X2, x,; C)t/(xi, x; C) , (1.254) 

where each phase factor corresponds to one of the three stretches (x,Xi), (xi,X2) and 
(x2, y) of C. The two points Xi and X2 are located anywhere between the endpoints x and 
y of the curve. Let us then perform an infinitesimal variation 6C of the section (xi,X2): 

^ ^ ^ ^ + . (1.255) 
[/(x2,xi;C) f/(x2,xi;C') 

The gauge line corresponding to the new curve C reads: 

U{y,x;C') = U{y,X2]C)U{x2,Xi;C + 6C)U{xux;C) . (1.256) 



49 



One defines the variation of tlie gauge line wlien passing from tlie curves C to C by tlie 
difference: 



6cUiy,x;C) = Uiy, x;C') - Uiy, x;C) 

= U{y,X2:,C)[U{x2,xi;C + 5C) - U{x2, xi;C)]U{xi, x;C) 
6cU{y,x;C) = U{y,X2;C)[U{x2,xi;C + 6C)U'^{x2,xi; C) - l]U{x2,xi;C)U{xi,x;C) . 

(1.257) 

The phase factor f/^^(x2, Xi; C) corresponds to the section (xi,X2) of the contour C 
but oriented from X2 to Xi: U~^{x2,Xi;C) = U{xi,X2',C). Consequently, the product 
U{x2, Xi, C + 6C)U^^{x2, Xi] C) in (1.257) stands for a closed curve or loop, denoted C. If 
the modification 6C of the contour C is infinitesimal, this loop C gives rise to a surface 
of infinitesimal area 6S. We can then apply the non-Abelian Stockes theorem valid for 
infinitesimal loops: 

g/pA^dx'' ^ g//^sd<7^,(2)G'"'(2) ^ (1.258) 

such that 

U{x2,XuC + 5C)U-\x2,XuC) = Pe-'<^J'c+sc^^dx^Pe'9fc^^'i-'' 

U{x2,Xi;C + 6C)U~\x2,Xi;C) = Pe-'^ f fssd''^'^(')G>^'(') (1.259) 

where dafj_^{z) = dz^ A dzy is the area element {da^^y = —da^^) with the internal point z 
located between xi and X2 along C. 

We see that U{x2,xi]C + 6C)U~^{x2,xi;C) performs in (1.257) a rotation of the gauge 
field Afj^ along the loop C. According to the non-Abelian Stockes theorem (1.258), this 
rotation is related to the flux (1.259) of the strength fleld tensor Gf^^, through a surface 
with the loop C as boundary (in the differential geometry formalism, is the curvature 
tensor of the internal colour space). Then, Mandelstam's formula can be obtained by 
expanding (1.257) at the leading order in 6S: 

ScUiy,x;C) = Uiy,X2;C)[l-zg [ [ da^,{z)G^''{z)-l]U{x2,x,;C)U{x,,x;C)+0{6S') 

J Jss 

(1.260) 

so that 

^—^U{y, X- C) = -igU{y, z- C)G,,{z)U{z, x; C) (1.261) 

by deriving with respect to the area element at any point z between Xi and X2- In brief, 
the area derivative 6/6(x^'^{z) consists in inserting, at the point z along the contour C, the 
non-Abelian strength fleld tensor G^jtp{z). 
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Although elegant, this derivation presents a certain number of shortcomings: first of 
all, the demonstration is geometrical and depends on the form of the curves C and C. 
Secondly, the functional derivation (1.261) is not mathematically well-defined because 
arbitrary. Indeed, there are several possible definitions [52, 53] such as: 

U{y,x;C)= lim ^—fu{y,x;C + 6C^,{z))-U{y,x;C)) (1.262) 

<5(T„„K0 OCT,,,, V / 



as used by Mandelstam where 6Cnu{z) is the infinitesimal loop oriented along the plane 
(/i, u) at the point z and is the area of the associated minimal surface. In order to 

avoid these difficulties, it is therefore interesting to find another way to derive Mandel- 
stam's formula (1.261). The solution consists in working with the (geometry independent) 
parametric representation of the gauge line (1.247). Let us write the variation of U{y, x; C) 
under an arbitrary transformation of C following the notations U{x{a),x{(j')) = U{a,a'), 
Aa{x{a)) = Aaicr) and G,3aix{a)) = G,3aicr) [54]: 

6cU{y,x;C) = -z^?5x"(l)A«(l)f/(l, 0) + z(7t/(l, 0)A,(0)5x"(0) 

+ig f^daU{l,a)x^{a)Gi3a{(T)Sx''{a)U{a,0) . ^' ' 

The first two terms on the r.h.s. of (1.263) correspond to the variations of the endpoints 
y = x{a = 1) and x = x{a = 0) respectively. The last term involves all the points x{a) of 
C and thus corresponds to the internal contribution associated with the global deformation 
of C. Let us perform the functional derivation with respect to an internal point x"(cr) 
along the contour C (0 < cr < 1 such that only the last term in (1.263) contributes): 

^^^^^ = zgU{l, a)x\a)GpMU{a, 0) . (1.264) 

A partial derivative with respect to x^^a) gives then Mandelstam's formula: 

d 6U{y,x;C) 



dxf^{a) 5x°(a) 



-igUil,a)G^^ia)Uia,0) (1.265) 



where x{a) and a;(cr) have to be considered as independent operators. Comparing (1.261) 
with (1.265), we obtain the following relations between the surface and functional deriva- 
tives with respect to the point x{a): 



d S 



[1.266) 



^ i'i-)TZ^. ■ (1-267) 
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A. 3 The equations of QCD 

It is worth going further in our study of the gauge hne. Let us then calculate the partial 
derivative (or path derivative [55]) with respect to X\{a) of Mandelstam's formula (1.265). 
We get: 

d d 6U{y,x;C) . r(9f/(l,a)^ , ^. ^^.^ . .dU{a,0) 



dxx{a)dx^{a) Sx^{a) ''h dxx{a) -«pv-^-v-'-^ ' .,.,.,^„p,., ^^^^^^ 

(1.268) 



Gap{a)U{a,0) + U{l,a)G^p{a)- 



dxx[a) 

On the other hand, from (1.263), one can infer the actions of ^^^^^^^ on U (1, a) and U (a, 0): 



- igPU{l,a)A\a) 



since contributes, in every case, only one boundary term. Eq. (1.268) becomes finally: 

_d d 5U{y,x;C) ^ _. / _J 

dxx{(T)dxP{(T) fe"(a) ''^^Kdxx 



zgU{l, a) (^-^G„^(a) + zg [A\a), G^p{a)] ) U{a, 0) 

(1.270) 



where one recognizes the expression of the covariant derivative: 
d d 6U{y,x;C) 



dxx{(j) dx^{a) 5x'^ 



cr 



tgU{l,a)D^G^p{a)U{a,Q) . (1.271) 



From this equation, it is possible to obtain two fundamental results: 

• by cyclic permutation over all the Lorentz indices, we get with (1.266): 

+ ^ , X . A^, N + o r ^, ^ )U{y,x;C) = 



dxxia) 5a''P (a) dxp{a) 6a^» (a) dx^{a) 5aP^ (a) 

-igU{l, a) (p^Go.p{a) + D^Gx^icx) + D'^G^xi^r)) U{a, 0) (1.272) 

which is nothing else than the Bianchi identity of Yang-Mills theory. The gauge line 
satisfies thus the following constraint: 

' ^ + (cyclic permutation) = . (1.273) 



dxx{(r) 5o-"^((T^ 
by contracting in (1.271) the Lorentz indices A and a, we find: 
d 6U{y,x-C) 



dxM 6(1'^^ (a) 



-tgU{l,a)D''G^f,{a)U{a,0) . (1.274) 



In this case, we recognize on the r.h.s the first term D°'Gai3 in the equation of motion of 
the Yang-Mills gauge field. 
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A. 4 The Wilson loop: the colour trace of a closed gauge line 

When the gauge hne endpoints of coordinates x and y coincide in (1.245), x{a = 0) = 
x{a = 1) and we obtain a closed gauge hne U{x,X]C). Then, the trace on the colour 
space gives the so-called Wilson loop (f){C): 

0(C) = Tr,U{x,x;C) = Tr^Pe-^^^c^^Wrf^'' . (1.275) 

Let us pointing out that the Wilson loop does not depend in (1.275) on the point x 
from which is parametrized the loop C because of the colour trace Tr^. Moreover, it is a 
manifestly gauge invariant functional. Indeed, under a gauge transformation, we have: 

U{x, X- C) U'{x, X- C) = n{x)U{x, x; C)n'^{x) (1.276) 

so that 

0(C) -^0'(C) = Tr,U'{x,x-C) , 

= Tr^{vi{x)U{x,x;C)n^{:x)^ , 
0'(C) = Tr^U{x,x-C) = (t){C) (1.277) 

by invoking the invariance of the trace under a cyclic permutation. 

A. 5 The Migdal-Makeenko equation and the loop equation 

When one reformulates a non-Abelian gauge theory as QCD into the loop space [51, 56, 
57, 58], all the references to the gauge fields, gauge transformations, gauge- fixing terms, 
ghosts and so on and so forth are discarded and only remain gauge invariant functionals. 
The observables are then expressed in terms of such functionals and the equations of 
motion of the gauge fields describing QCD dynamics (without fermions) are replaced by 
functional equations. The loop space formalism being gauge invariant, the properties 
of the gauge group become functional constraints. Examples of such constraints are 
Mandelstam's constraints [59, 60], among which we have for instance: 

• the reparametrization invariance: 

0(C) = 0(C') (1.278) 

where C = {a ^ x{a)} and C = {a' = f{a) x{a')} with /(O) = and /(I) = 1. 

• The reversal relation: 

0(C) = 0(CO-^ (1.279) 

with x{a') = x{l — a). 
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Although this program gives rise to strong difficuhies, a certain number of issues have 
been resolved. For example, it has been shown that the Yang-Mills equation of motion 
becomes, in loop space, a functional equation satisfied by the Wilson loop, the so-called 
Migdal-Makeenko equation [53, 61]: 

d 6 -2 



■{m)A = --^j^dy''6\x-y){ct>{Cy,)<P{C,y) - , (1.280) 



the averaging being defined in the path-integral formalism. Before studying its most im- 
portant properties, let us roughly check its derivation. For this, we consider the equation 
of motion (1.274) derived from Mandelstam's formula: 

I^lii^)^) - -'MD^G'-iama.O) (1.281) 
or, in tensorial notation: 

where we have defined {G^^)l = (G^^^y)^ = ■:^G^yy In QCD, the equation of motion of 
the gluon field is: 

D.G^'^ix) = jUx) + fgfix) + fppix) (1.283) 

with jp{x) the fermionic current and jgf{x) and jpp{x) the currents associated with the 
gauge-fixing term and the Faddeev-Popov ghosts respectively. If we remark that the 
functional derivative of a path integral vanishes: 

JX(Q[^])a = (1.284) 

for any functional Q[A] of the gauge field, then the equation of motion reads in the 
path-integral formalism as: 

= (^Q)a . (1.285) 

Without external fermionic source, jp{x) vanishes. Moreover, since the Wilson loop 0(C) 
is gauge invariant, the currents jgfix) and jpp{x) cancel out each other (the Slanov- Taylor- 
Ward- Takahashi identity shows that jgf{x) + jpp{x) = in the path-integral formalism 
[61]). Therefore, we are led to write out: 

which should be understood in the weak sense, namely in terms of mean values. As a 
result, the equation (1.282) becomes in the path-integral formalism: 



dxf'ia) dx^{a) fe^(a) \ 6Af^{a) 



{p{tj^^)u:il,a)U:{a,0))A . (1.287) 
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Expanding as before (1.249) the gauge line U^{1, a) as a power series, the contribution of 
the order 0{g"') involves the product of n gauge fields: 

U^il,a)U:ia,0) ^ A,,^^(aOA,,^J(cr2)A,3-(a3)A,,-(a4) . . . A,„--(a„)f/:(o^, 0) . 

(1.288) 

For the sake of argument, let us consider the contribution of the field ^^^^^((74). The 
functional derivative with respect to 5/5Aj^^(cr) gives: 



^1.289) 



-lfc^m:,(^i)^..c^(^2)A,3^^(a3)A,,^^(a5) . ..A,„l-^{an)}u^M,0) 
according to 

^^1^ = V,um - ^myi^i^) - (1-290) 

where the tensorial structure on the colour indices comes from the fact that the gluon fields 
are traceless. Because of the delta function 5^{x — y) in (1.289), the points x = x(cr) and 
y = x(cr4) coincide in space-time but can be different in loop space as they are associated 
with different values of parameter. In this case, only contributes the first term in (1.289) 
which corresponds to the creation of an internal loop at the point x of C: 

[A,,lM,)...A,„l-^{a)] . (1.291) 

Thus, this contribution gives rise in (1.280) to the product of the two Wilson loops (j){Cyx) 
and (f){C^y). 

On the other hand, when the parameters are equal a = a^, only contributes the second 
term in (1.289) which corresponds to only one Wilson loop of contour C. Finally, we get 
the Migdal-Makeenko equation: 

^ ^ {m)A = -4- idy^5\x - y){<P{Cy,)my) " ^m)A (1.292) 



where the current 



fix) ^ ^dy^b\x - y)mvM^C,v) - ^;^^^))a (1-293) 



is conserved, dyf = 0, thanks to the antisymmetry property of the surface derivative 
6/5a^y{x) in the exchange fi ■v^ u. 

Let us define the following gauge invariant one- and two-loop functionals: 

W{C) ^ ^^{m)A, (1-294) 

W2iC,,C2) = {^m)^HC2))A (1.295) 
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as the vacuum expectation values, respectively of the Wilson loop 0(C) and of the product 
of two loops 0(Ci)0(C2) (up to normalization factors in 1/Nc). The Migdal-Makeenko 
equation takes then the following form: 



d S 



-W{C) = -iX jf dy''5\x - y) {w^i^Cy^, C^y) - -^W[C)) , (1.296) 



with A = g^Nc/2. Eq. (1.296) involves the three loops C, Cyx (oriented from x to y) 
and Cxy (oriented from y to x) such that Cyx U Ccy = C and is, consequently, a non-linear 
and non-closed functional equation: the one-loop functional W{C) (also called, roughly 
speaking, Wilson loop) is related to the two-loop functional W2{Cyx,Cyx)- The Migdal- 
Makeenko equation is the first equation of an infinite set of functional equations relating 
the derivatives of n— loop functionals to the integrals of [n — 1) — , n— and {n + 1)— loop 
functionals. 

Most of the time, one finds, in the literature, the Migdal-Makeenko equation written 
in the Euclidean space-time with the metric tensor = diag(l, 1, 1, 1). In this case, 
the Migdal-Makeenko equation (1.296) becomes: 

d 6 



dx^ 5a^y{x 



-W{C) = A jf dy''6\x - y) (l^2(C,., Cxy) - -^^{C)) . (1.297) 



There are two cases in which (1.297) can be simplified : in the Abelian case where A'c = 1 
and in the 't Hooft limit where N^. ^ oo with A finite. 

• When Nc = 1, one deals with an Abelian U{1) gauge theory with coupling constant 
g' [61]. The gauge field is no longer a matrix such that 

= S,Mx{a) - x{a')) (1.298) 

in (1.287). As a result, only the first term in (1.289) (without colour indices) contributes 
and only remains on the r.h.s of (1.297) the two-loop functional W2. Moreover, the square 
matrices (f){Cxy) and (j){Cyx) of order N^. become simple operators and 1^2(^1, C2) reduces 
to the Wilson loop W{C). At the end of the day, the Abelian Migdal-Makeenko equation 
takes the form: 

^ ^ -W{C) = g'^ (f dy''5\x-y)W{C) (1.299) 



dx^ Sa^^ix) 



which has the solution: 



/2 



W{C) = e-V/cic'='^M<^y>-D^^(2:-j/) (1.300) 
where D^^{x — y) is the coulombic propagator of the Abelian gauge field A^: 
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in the Feynman gauge. 

• In the 't Hooft hmit where N^. ^ oo with A finite [62, 63], one can invoke the 
following factorization property: 

W2{Ci,C2) = W{Ci)W{C2) + 0{^) (1.302) 

c 

in order to simplify (1.297). This property has been demonstrated at any order of Per- 
turbation Theory: at each order, only remain, in the 't Hooft limit, the planar diagrams 
in which every gluon is emitted and absorbed by the same Wilson loop (in general, a 
gauge invariant operator). The diagrams connected by gluon exchanges (namely, when a 
gluon emitted by a Wilson loop is reabsorbed by another Wilson loop) are suppressed in 
1/7V^. The factorization property has also been proved in non-perturbative regime. The 
equation (1.297) thus becomes: 

= X (fdy^6\x - y)W{Cy,)WiC,y) . (1.303) 
oXfj_ oafj_y{X) Jc 

This is the so-called loop equation which is a non-linear but closed functional equation 
since only one-loop functionals contribute. 

It is worth summarizing the theory in loop space when ^ oo with A finite. We 
have the following two equations: 

• the loop equation: 

d 6 



dXf, 6a^y{x 
the Bianchi identity: 

d 5 



-W{C) = A ^ dy'S^x - y)W{Cy^)W{C,y) , (1.304) 



dXa 6(Ti,u{x) 



-W{C) + ^cyclic permutation^ = . (1.305) 

The initial condition when the loop shrinks into a point is: 

W{Ic) = 1 (1.306) 

where Ic = {o" — x{a) = x} is the identity. 

Finally, we conclude this section by recapitulating the correspondence between the 
Yang-Mills theory and its formulation in loop space: 

• the equation of motion: 

fl„G„„(.) = ^ ^^W'(C) = A ^ dfS'(. - y) («-•, - 1,W) . (1.307) 

• the Bianchi identity: 

d S 

DaGn„(x) + (cyclic permutation) = ^ — — 7 ^-^W(C) + (cyclic permutation) = . 

^ ^ dxaOa^,y{x) ^ ' 

(1.308) 
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A. 6 The renormalization of the Wilson loop 

When one evaluates, in Perturbation Theory, hne integrals in the Wilson loop, one meets 
with singularities which have to be regularized. And yet, the renormalization of the 
Wilson loop is still far from being trivial since it behaves as a non-local object. 

• When the loop C is smooth {i.e. differentiable) and simple {i.e. without nodes), 
the leading perturbative contribution to W{C) corresponds to the one-gluon exchange 
(contribution of order 0{g'^)). It diverges hnearly in ^L{C) where L{C) is the length of the 
contour C and a is a short distance cutoff. In 1980, Polyakov [52], Dotsenko and Vergeles 
[64] proved that the Wilson loop is multiplicatively renormalizable for such a smooth and 
simple contour: at any order, linear divergences appear which can be gathered into a 
common factor Z = gconst.^— -^j^gj^g const, is of order 0(1). Beyond the second order, it 
also appears logarithmic divergences which can be then absorbed by renormalization of 
the strong coupling constant g. At the end of the day, we obtain: 

W{g,C) = ZWR{gn,C) (1-309) 

where WFi{gR, C) is finite, provided that it is expressed in terms of the renormalized strong 
coupling constant gn. The physical meaning of the linear divergence Z is easily explained 
if we consider \n{W{C)) as the effective action of a test particle constrained to move along 
C: the factor Z disappears with the renormalization of the mass. 

• When the contour is no longer smooth but has a cusp of angle 7, the renormalization 
still remains multiplicative [61, 65]: 

W{g,C) = Z{j)W{g,C) (1-310) 

where W{g,C) refers to the Wilson loop on the l.h.s of (1.309). The factor Z{'-f) is an 
additional logarithmic divergence which depends locally on the loop C (at the vicinity of 
the cusp). Thus, this anomalous divergence cannot be absorbed by renormalization of g. 

• Let us consider a loop C which intersects one or several times at the same space-time 
point and which is smooth everywhere else. At the beginning of the eighties, Brandt, 
Gocksch, Sato and Neri [61, 65] showed that the Wilson loop cannot be renormalized 
alone in this case. It must be renormalized by mixing with all the other loops WnXi^^j}) = 
W^{{Cj}) where z = 1, 2, ...,/(/ is the number of sets) and j = 1, 2, . . . , rij (rij is the 
number of loops in the set i). Given a set i, the rij loops C*'s must be identical to the 
corresponding sections of C, both in space-time (every draws the same path than C) 
and in direction (every C* is oriented as C). 

In order to illustrate quickly the mechanism, let us consider the simplest case of a loop 
with only one node (there is thus only one independent angle 7). To the contour C is 
associated two sets: {Cj} which is nothing else than C when the path ordering prescription 
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P is taken into account and {C^, C|} corresponding to the two sections of the loop on either 
side of the crossing point. The set of the Wilson loops W''{C\) = W{C) and W^^CfXi) 
mix then together under renormalization through the square matrix of order 2 Z {'-/). 
The generalization to more complicated loops gives: 

W\g, {q}) = Z'HlW'ig, {Cf }) (1.311) 

k=l 

where 2' (7) is a matrix of order / depending on all the independent angles at the considered 
node. 

A. 7 The Wilson loop in QCD2 

Since 't Hooft's seminal paper in 1974 [63], numerous physicists have sought to understand 
the properties of QCD in (1 + 1)— dimensional space-time (see, e.g. [66, 67]). As a matter 
of fact, the Migdal-Makeenko equation turns out to be, in this case, exactly solvable in 
the large Nc limit. In the sequel, I will essentially refer to the review [53]; the interested 
reader could fruitfully read the pioneering works [68, 69] where is detailed the resolution. 

Within the loop space formalism, the theory is manifestly gauge invariant: let us 
choose the axial gauge n - A = 0. In (1 + 1)— dimensional space-time, = (0, 1), thus Ai 
vanishes and only remains Aq. The interest of the axial gauge is twofold: first of all, it 
discards the gluon self-interactions (the commutator [A^, Aj,] in the strength field tensor 
being then equal to zero). Secondly, the ghosts decouple from the theory and can be 
ignored. As a result, QCD2 in the axial gauge looks like, at first sight, an Abelian theory. 

From the diagrammatic point of view, the Wilson loop W{C) sums, in the 't Hooft 
limit, the disconnected planar diagrams, i.e. those which are only made up of free propa- 
gators (in the axial gauge, there are not three- or four-gluon interactions). In a first time, 
we consider the simplest case of a smooth and simple loop C. One finds (A = g'^Nc): 

= e~Hc/c'^^Mf^J/<"D^^(^-3/) (1.312) 
which strongly mimics the Abelian solution (1.300). The gluon propagator 

D^u{x-y) = ■^Tr,{0\A,{x)A,iy)\0) (1.313) 
reads in the axial gauge as 

Di,u{x - y) = ^6^o6m\xi - yi\6{xo - yo) . (1.314) 

Because of the delta function 6{xo — yo) involving the time coordinates, the interaction 
is instantaneous. Although this result is valid in general, it is easier to demonstrate it 
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in Perturbation Theory. For this, we expand the (non-renormahzed) Wilson loop W{C) 
in powers of g [53, 65] (we are unaware here of the existence of regularization schemes 
required in order to deal with well-defined calculations): 



oo „ „ 

W{C) = 1 + J2Hgr f X ... X i dx^ ^(C; 1, . . . , n)G^-l^^ 

n=2 JC 



(a;i,...,x„) . (1.315) 



The prescription 9{C\ 1, . . . , ra) puts in order the points Xi, . . . , along the loop C and 
G^") is the Green function with n external legs attached to C: 

GS..^„(xi, . . . ,x„) = i-Tr, (0|A,Jxi) . . . A^„(x„)|0) , (1.316) 

satisfying the normalization condition G'^'^\Qi) = 1. Since the theory behaves, in the axial 
gauge, as an Abelian theory, the gauge fields do not interact each other such that n must 
be even n = 2k. The expansion (1.315) then becomes: 

^(^) = l + EH^7)''j!^rf<x...x j!^dx^fe(C;l,...,2A;) ^^^^ 

At the lowest order, we have: 

W{C) = l + {-zgy /rfxf fdx^'e{C;l,2)N,D^^^^{xi-X2) + 0{g') . (1.318) 
Jc Jc 

Moreover, D^^^^{xi — X2) = D^,^^^{x2 — Xi) and 6{C] 1, 2) + 6{C] 2, 1) = 1 such that 

iy(C) = l-^ jfrfxf jfrfxrZ}^,^,(xi-X2) + 0((7^) . (1.319) 

One can generalize this mechanism at any order to obtain the solution (1.312) by taking 
the exponential of the expansion of W{C). 

For a smooth and simple loop C, the exponential factor in (1.312) is easily evaluated: 

jf dx^dy,D^,{x -y) = A{C) (1.320) 

where A{C) represents the area of the (plane) surface with C as boundary. The Wilson 
loop takes then the form: 

W{C) = e-^^^'^) (1.321) 

which is the area law in QCD2. It is worth pointing out that this behaviour (1.321) is valid 
in the non- Abelian well, the difference appearing only for more complicated loops. 

So, let us focus on a contour having one node. We have then two configurations: the 
first configuration gives similar results in the Abelian and non-Abelian theories: A{C) = 
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Ai + A2 and W{C) = e~^(^^+'^2). The second configuration gives A{C) = Ai + AA2 but 
W{C) = e-^(^i+4^2) in the Abehan case whereas W{C) = (1 - \A2)e~^^^^+'^^^^ in the 
non-Abelian case where contribute only the planar diagrams in the 't Hooft limit. The 
generalization for any loop gives in QCD2: 



where the Pj's are exponential functions of the n surfaces of areas A^ {i = 1, . . . ,n) which 
make up A[C). 
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